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Introduction: Heterotic Yukawa couplings




Consider heterotic string on CY 3-fold X
observable bundle V' — X with structure group H C Ejx
low-energy gauge group G =Cpg,(H)

matter multiplets from associated bundles £; — X, 1 =1,2,3



® Consider heterotic string on CY 3-fold X
® observable bundle V — X with structure group H C Ejy
® low-energy gauge group G =Cg,(H)

e matter multiplets from associated bundles F; — X, 1 =1,2,3

Matter multiplets described by harmonic (0,1) forms:

vi € H' (X, E;) Opvi = 0 v; =0 i=1,2,3
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Holomorphic Yukawa couplings:

)\(Vl,VQ,Vg) :/ Q/\Vl N\ Vo N\ V3
X

Holomorphic Yukawa couplings are independent of representative:

A1 + Og,a1,v2 + Og,az2,v3 + Og,a3) = (v, v2, 13)

Holomorphic Yukawa couplings can be computed algebraically!



We would like fto....

e understand how to compute hol. Yukawa couplings using
differential geometry language.

e clarify how such a differential geometry calculation relates
to the algebraic one

e set the scene for a computation of the normalisation
which requires differential geometry.



Yukawa couplings for co-dimension one CYs




For example: tetra-quadric CY
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Consider line bundle sums

V=P L n=3,4,5 c1 (V) =0
a=1



For example: tetra-quadric CY Defining polynomial 7,

/section of N' = 04(2,2,2,2)

- Pl 2
Pl |2
A~ pt o
o ]:P)l 2 —
Consider line bundle sums
V=P L n=3,4,5 c1 (V) =0
a=1

Koszul sequence for L = L|x:

0 N"QLB L S L 0



We are interested in ! | H*(X,L):



We are interested in ! | H*(X,L):
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We are interested in ! | H*(X,L):

I/:ﬁ|X
30 = pid type 1: w =0
D> = 0 type 2: w70
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C4



We are interested in ! | H*(X,L):

V:ﬁ|X
_ﬁ:pd} fype 1: w=0
A = 0 type 2: w#0
1
("1,"2,"9)= (B! B! B3+ 01! B! B+ 81l B! y)! dz
C4

If v1, 19, vz all typel then ! ("1,"2,"3)=0



We are interested in ! | H*(X,L):

V:ﬁ|X
.
("1,"2,"8) = 5 (B! Gl B3+ 01! B! B+ @1l B! ) d*z
C4

If V1, Vo, U3 all ’rype 1 then ! ("1,"2,"3) =0.

Algebraically 7; or w; correspond to polynomials P; and

Avi,va,v3) = cPL Py Ps



Generalisation and a vanishing theorem




Co-dimension K CICY in ambient space A = P"* | dah P'm:
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X1 #: A
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K defining polynomials
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Co-dimension K CICY in ambient space A = P"* | dah P'm:

K defining polynomials

%pla‘”apk, section of
n 1 A A A ) k
X1 # IR
Pin | QT 444 Q

Line bundle cohomology for K = KC|x, K — A from:

0 NN QKB AN K™ BA K" S"ED K =0



Sequence of forms: v =17
0 ?

[l
S5
S

Ov7 — PrUri1

éﬁk = PkVk+1
!gdxﬂ =0



Sequence of forms: v =17
Ovq >

[l
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Sequence of forms: V=
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Sequence of forms: V=1
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Sequence of forms: v =1i|x
Oy = p11;

5‘%%0 » ' is of type

OUN= 1 V111
8, 1/~

v e H (X,K) is called ““type 7“, where 7=1,... . k+ 1, if it
descends from & c H™ (A, AN"IN* ® K).

AN, vo,v3) = / XAvi Ava Avs wherey;are of type 7
X

— > / WADL 7 ADo gy AD3 1
A

T1+72+712=dim(A)



Vanishing theorem:

If 7+ 7+ 71 <dim(A) then A(vi,1v9,v3) =0.



Vanishing theorem:

If 7+ 71+ 7m <dim(A) then \(vq,1v0,v3) =0.

Implies vanishing of many Yukawa couplings, in particular at
higher co-dimension.



Vanishing theorem:

If 7+ 71+ 7m <dim(A) then \(vq,1v0,v3) =0.

Implies vanishing of many Yukawa couplings, in particular at
higher co-dimension.

Formulation independent of embedding space?



Examples
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Yukawa couplings

e bundle: I, = Ox(—1,0,0,1), Ly =0x(0,-2,1,3)
L3 =0x(0,0,1,-3). Ls=0x(1,2,—-2,-1)
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Example 1: A tetra-quadric SO(10) model with vanishing
Yukawa couplings

o bundle: L; =0x(~1,0,0,1), Ls=0x(0,-2,1,3)
Ls=0x(0,0,1,-3). Li=0x(1,2,—2 —1)

® SPGC'I'I”UIT\I 8 16,5, 4 163, 31014, 31023 PIUS single’rs

e Yukawa couplings: AIJK10§216§J)16§K)

!

Ki=Li# Ls= 0x(0,2,! 20) K2:L2:OX(07_27173) K3:L3:OX(070717_3)

But all v; are of type 1 so that A;yjx = 0.



Example 2: A 3-1-1 coupling on a co-dimension two Cicy
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Example 2: A 3-1-1 coupling on a co-dimension two Cicy

| o | g 2$ 5,45
Pl | 119
e CY manifold: X=1uP | 1 1% LoV Zy symmetry
#PL | 1 1
P! 1 1 80

e bundle: Li=0x(!2001), Ly=0x(0101!2), Lz=0x(0,01! 21)
Ls= Ox(0,0,! 1,0,1), Ls= Ox (! 1,1,0,1,! 1).

® spectrum: 4104, 410, 4 103,

= =H H =H H of =H "
4513, 923 5?,3’ 924 59,4’ 8 525, 3534, 35?,4’

plus singlets



e harmonic forms:

8 Bos — K1 = Ly ® Ly = Ox(—1,2,0,2,-3), p1=o07°05°05 P30 _20_5di1 Adfiz A dfis

~

—H ~ — _
3 53,4 — K2 = L3 ® Ly = 0x(0,0,0,—-2,2), V2 =0y QQ(O,O,O,—Q,Q)CZNZL

~

410, —» K3 =L, = Ox(1,-2,0,0,1), D3 =05 R(1 _2.0,01)df2



® harmonic forms: type 3
8 3275 — K1 =Lo® Ls =0x(-1,2,0,2,-3), p1 = 0‘1_30'3_20'5_5P(_3707_2’0’_5)d,L_Ll A dpsg N dis
—H ~ —92 X _
3 5374 — KQ = L3 0% L4 = OX(O, O, 0, —2, 2), Vo =0y Q(O’()?O’_Q’Q)dluzl
}4 type 1

~

410, —» K3 =L, = Ox(1,-2,0,0,1), D3 =05 R(1 _2.0,01)df2




e harmonic forms:

8525 = K1 =Ly ® Ls = Ox(—1,2,0,2,-3), p1 =07 05 05 P_30,_20-5)dfi1 A dfiz A djis

: type 1

_H . - -
355, — Ky =Ls® Ly =0x(0,0,0,-2,2), D2 =0,"Q0,00,22df4 } <

~

4 101 — K3 — Ll — OX(l, —2, O, 0, ].), ﬁg — 0'2_2R(17_2,0,0,1)dﬂ2

® leads to complex structure independent downstairs couplings:

H3,4Q1di2,5



e harmonic forms:

8525 = K1 =Ly ® Ls = Ox(—1,2,0,2,-3), p1 =07 05 05 P_30,_20-5)dfi1 A dfiz A djis

N type 1

_H . - -
355, — Ky =Ls® Ly =0x(0,0,0,-2,2), D2 =0,"Q0,00,22df4 } <

~

4 101 — K3 — Ll — OX(I, —2, O, 0, ].), ﬁg — 0'2_2R(17_2,0,0,1)dﬂ2

® leads to complex structure independent downstairs couplings:

H3,4Q1di2,5

There are also examples of type 2-2-1.



Example 3: singlet-Yukawa couplings in SU(5) model on tetra-quadric

e bundle: L; =0x(-1,0,0,1), Ly = Ox(—1,-3,2,2), L3 = Ox(0,1,—1,0)
Ly =0x(1,1,-1,-1), Ls = Ox(1,1,0,—-2)
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Example 3: singlet-Yukawa couplings in SU(5) model on tetra-quadric

e bundle: L; =0x(-1,0,0,1), Ly = Ox(—1,-3,2,2), L3 = Ox(0,1,—1,0)
Ly =0x(1,1,-1,-1), Ls = Ox(1,1,0,-2)

o spectrum: 8102, 410s, 4524, 35,5, 8545, 35
12154, 12151, 20153, 12154, 4153

-> standard model after Z,! Z, quotient

o coupling of inferest: 124845555

e forms:
" % &
Ki=Lpo" Lhy=Ox(! 2,0 4,33) # 121,,%# *Ker H2(Oa(! 4,! 6,1,1)# H2(Oa(! 2,! 4,3,3)
Ky=L4s®Ls=0x(2,2,—1,-3) — 8545¢€d * H*(04(0,0,-3,-5)
Ks=L5® L =0x(0,2,-2,0) — 3535¢€ H (04(0,2,-2,0))



Example 3: singlet-Yukawa couplings in SU(5) model on tetra-quadric

e bundle: L; =0x(-1,0,0,1), Ly = Ox(—1,-3,2,2), L3 = Ox(0,1,—1,0)
Ly =0x(1,1,-1,-1), Ls = Ox(1,1,0,-2)

o spectrum: 8102, 410s, 4524, 35,5, 8545, 35
12154, 12151, 20153, 12154, 4153

-> standard model after Z,! Z, quotient

o coupling of inferest: 124845555

e forms:
" % &
Ki=Lpo" Lhy=Ox(! 2,0 4,33) # 121,,%# *Ker H2(Oa(! 4,! 6,1,1)# H2(Oa(! 2,! 4,3,3)
Ky=Ls®Ls=0x(2,2-1,-3) — 85455+ H2(04(0,0,-3,—5) 4~ ’rype 2
K3=L5® L =0x(0,2,-2,0) — 3535¢€ H (04(0,2,-2,0)) < fype 1




/ff4/€2_6Q(—4,—6,1,1)d51 N dzo
/13_3/43;5R(0707_37_5)d23 N\ d24

—9 _

where ﬁ@ =0



w; = /431_4/{2_6@(_4,_67171)6151 AdzZy where pQ =0
(:JQ — /{3_3/{Z5R(0,0,—3,—5)d23 N\ d24

_ 2 .

® downstairs Yukawa coupling: " S'LIH

3 0 (c3—c5) (40?1 +c1(c3+c5 — 206)) (c3 + ¢5 + 2¢6)
A=—1 0 0
180 0 0



w; = /431_4/432_6@(_4,_67171)6151 AdzZy where pQ =0
(:JQ — /€3_3/€4_5R(0,07_3,_5)d23 N\ d24

_ -2 _
3 = K3 5(02,-20dZ3 -

® downstairs Yukawa coupling: " S'LIH

0

3 0 (c3—c5) (40?1 +c1(c3+c5 — 206)) (c3 + ¢5 + 2¢6)
0
0 0

This is generically rank 1, but will be generally rank 2 away
from the 5-parameter family. For ¢z = us the Higgs remains
massless even if IS'™"#0 .



Yukawa unification?




Consider, for example, SU(5) GUT with ! = Z, and down-Yukawa:



Consider, for example, SU(5) GUT with ! = Z, and down-Yukawa:

upstairs: 6 families

!6
1, 87 g 107
1,.J =1



Consider, for example, SU(5) GUT with ! = Z, and down-Yukawa:

upstairs: 6 families downstairs: 3families
RN
1,878 10° .
= L 19HLTe

ij =1



Consider, for example, SU(5) GUT with ! = Z, and down-Yukawa:

upstairs: 6 families downstairs: 3families
| 3
| P HA Q)
1 6 =1
;87 8 10’ 3
) L 19HLTe
j =1

Wilson line described by ! -representations ! 2, ! 3 satisfying

151 13=1.For!= Z,we have ! 2=(1) and !3=(0).






l 4 = |é:(0)
xH = X2 = (1)
e =15=(1)
1,y on o

tay o



| d — ! é — (O)
XH = X2 = (1)
IL:I'Z:(]_) o= 151
10 (1) (0) ' B
] | (0)
| _ (0,1) (0,0)
1) ey 'tao @)




XH = X2 = (1)

lg="15=(0)
IL:!!ZZ(]_) o= 151
‘10 (1) (0) ' g
V0,00 [(0)
1,0 (D)

(I |J ):/| 1)

| (d)







1 (® and 1 (9 are (in general) unrelated!



1 (® and 1 (9 are (in general) unrelated!

This holds for any symmetry! and all types of Yukawa couplings.



In heterotic GUT models with Wilson line breaking
Yukawa unification in the traditional sense (i.e. enforced
by the GUT symmetry) never arises.



In heterotic GUT models with Wilson line breaking
Yukawa unification in the traditional sense (i.e. enforced
by the GUT symmetry) never arises.

Q: Can Yukawa unification arise from additional symmetries
of the upstairs theory, e.g. from ! and additional U(1)s?



A unification scenario for an SU(5) line bundle model

! 5
e bundle: V = L,
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o upstairs symmetry: SU(B)! P P= S(U(1)>) | = Z,



A unification scenario for an SU(5) line bundle model

! 5
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a=1

o upstairs symmetry: SU(B)! P P= S(U(1)>) | = Z,
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A unification scenario for an SU(5) line bundle model

! 5
e bundle: V = L,
a=1
o upstairs symmetry: SU(B)! P P= S(U(1)>) | = Z,

e Assumed spec’rrum: V1ig = Span(104, 105) , Vg= Span(gfz, 53,4, 53’5)

o ﬁ-represen’m’rionsz Rio(! ) = diag l"giem gesa
Rg(! ) = diag gdler1+e)d di(estes)d d(es+es)d
. ) | " )
o Z,-representations: '10(! 1)=",  !g(! 1) =diag(! 1,"), =

o B



|
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104

e Upstairs Yukawa coupling: W = 5fz (834,835) ¥ 10
5

. 0] y
Y=2VY =
y' 0

Downstairs this leads to Yukawa unification, y(©) = Y(d),
for one family.



!
104

e Upstairs Yukawa coupling: W = 81 (85.4,935) ¥ 105

. 0] y
Y=2VY =
y' 0

Downstairs this leads to Yukawa unification, y(©) = Y(d>,
for one family.

In this way, Yukawa unification can be engineered for precisely
one family.



An example for Yukawa unification




S 2
h SNSRI T
O O 1 = - O
O O O O «d -«
- < O O O «d
O O «+d «—+d O
- 1 O O «—+d O
o B W T B WL
_ =z=z=z====3
X

e Manifold:



)T

» /= (Zo,Zi,Zz)

> YV =(Yo,Y1,¥2)"

$6,26
%

i

do?
5

1 01 0 O0
1 01 0O
1 0 0 1 1

e Manifold:



P11 0 1 0 O
+ PL/1 0 1 0 Oéﬁ}—>xu
e Manifold: R Ei 8 1 8 8 1? |
#p2|1 0 0 1 1é > ¥ = (Yo.yn.y2)!
P20 1 1 10 > 2=(20,21,22)"
VEEEEEE
o Z,-symmetry: xii # ($1) "'xii, y %z

Ni% N3, N2% N5, Ng# Ny



P11 0 1 0 O
+ PL/1 0 1 0 Oéﬁ}—>xu
e Manifold: R Ei 8 1 8 8 1? |
#p2|1 0 0 1 1é > ¥ = (Yo.yn.y2)!
P20 1 1 10 > 2=(20,21,22)"
VEEEEEE
o Z,-symmetry: xii # ($1) "'xii, y %z

Ni% N3, N2% N5, Ng# Ny

e |line bundles: Li= 04($1,0,$1,1,0,0), L= 04(2,1,20,$1,$1), L3= 04(1,1,%$1%$10,0)
Ls= 04($1,%$1,000,1), Ls= 0y4($1%10,0,1,0).



PLi1 01 0 0"
« PLI1 0 1 0 O%ﬁ}_’x"
e Manifold: R Ei 8 1 8 8 1? |
#p2|1 0 0 1 1é > ¥ = (Yo.yn.y2)!
P20 1 1 10 > 2=(20,21,22)"
NFEEEEET:
o Z,-symmetry: xii # ($1) "'xii, y %z

Ni% N3, N2% N5, Ng# Ny

e |line bundles: Li= 04($1,0,$1,1,0,0), L= 04(2,1,20,$1,$1), L3= 04(1,1,%$1%$10,0)
Ls= 04($1,%$1,00,0,1), Ls= O0yu($1%$10,0,1,0).

® Specfrum: 104 , 105 , 2@';2 , g3,4 , 53,5
610, , 2813, 2514, 2515, 7845, 545



This contains the right multiplets and representations of S(U(1)>)
and Z, for unification scenario:
| : |

104 Y =2Y =
105

o <

W = 8, (834,835) ¥

< O



This contains the right multiplets and representations of S(U(1)>)
and Z, for unification scenario:
| : |

\N — gTZ (53’4, 53,5) ‘Q 104 ‘Q =2Y =
’ 105

N

type 2

< O
o <



This contains the right multiplets and representations of S(U(1)>)
and Z, for unification scenario:
| : |

104 P =2Y =

W = 8, (834,835) ¥ 10.

/

type 4 type 2

< O
o <



This contains the right multiplets and representations of S(U(1)>)
and Z, for unification scenario:

W = 8, (834,835) ¥ 18: P=2Y = 8! g
type 4 type 2

Vanishing theorem does not apply!



This contains the right multiplets and representations of S(U(1)>)
and Z, for unification scenario:

W = 8, (834,835) ¥ 18: P=2Y = 8! g
type 4 type 2

Vanishing theorem does not apply!

We have checked by explicit computation, using the above
methods, thaty,y EO .



Conclusion




We can compute the holomorphic (perturbative) Yukawa
couplings for heterotic line bundle models on CICYs, both
algebraically and in terms of differential geometry.

Complex structure dependence can be worked out explicitly.

Many Yukawa couplings are zero perturbatively due 1o a
topological vanishing theorem.

Underlying GUT symmetry of models never leads to Yukawa
unification.

Partial Yukawa unification can be induced by an interplay
of discrete and U(1) symmetries.



® Generalisation to CYs defined in more general toric ambient

spaces and to bundles with non-Abelian structure group
possible.

e Most pressing outstanding problem is the calculation of the
matter field Kahler metric -> physical Yukawa couplings.
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