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Introduction: Heterotic Yukawa couplings



X

V ! X H ⇢ E8

G = CE8(H)

•  Consider heterotic string on CY 3-fold  

•  observable bundle           with structure group  

•  low-energy gauge group  

•  matter multiplets from associated bundles Ei ! X, i = 1, 2, 3



Matter multiplets described by harmonic (0,1) forms:

@̄Ei⌫i = @̄†
Ei
⌫i = 0⌫i 2 H1(X,Ei) i = 1, 2, 3
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Holomorphic Yukawa couplings are independent of representative:

Holomorphic Yukawa couplings can be computed algebraically!



We would like to….

• understand how to compute hol. Yukawa couplings using  
 differential geometry language.  

• clarify how such a differential geometry calculation relates  
 to the algebraic one 

• set the scene for a computation of the normalisation  
 which requires differential geometry.



Yukawa couplings for co-dimension one CYs
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Consider line bundle sums

V =
nM

a=1

La n = 3, 4, 5 c1(V ) = 0

pDefining polynomial  ,

section of  N = OA(2, 2, 2, 2)

Koszul sequence for            : 

0 ! N ⇤ ⌦ L p! L ! L ! 0

L = L|X
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Generalisation and a vanishing theorem
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higher co-dimension.



Vanishing theorem:


        If                            then                    .⌧1 + ⌧2 + ⌧3 < dim(A) �(⌫1, ⌫2, ⌫3) = 0

Implies vanishing of many Yukawa couplings, in particular at

higher co-dimension.

Formulation independent of embedding space?



Examples



Example 1: A tetra-quadric SO(10) model with vanishing  
             Yukawa couplings

4.2 An example with vanishing Yukawa couplings

We would like to consider a rank four line bundle sum on the tetra-quadric specified by the line bundles

L1 = OX(�1, 0, 0, 1) , L2 = OX(0,�2, 1, 3) , L3 = OX(0, 0, 1,�3) . L4 = OX(1, 2,�2,�1) , (4.11)

This bundle leads to a four-dimensional theory with gauge group SO(10) ⇥ S(U(1)4). Table 2 contains

the basic information required to determine the multiplet content of such a theory and together with the

cohomology results

h•(X,L2) = (0, 8, 0, 0) h•(X,L3) = (0, 4, 0, 0) h•(X,L1 ⌦ L4) = (0, 3, 3, 0)

h•(X,L2 ⌦ L3) = (0, 3, 3, 0) h•(X,L1 ⌦ L⇤
2) = (0, 0, 12, 0) h•(X,L1 ⌦ L⇤

3) = (0, 0, 12, 0)

h•(X,L2 ⌦ L⇤
3) = (0, 7, 15, 0) h•(X,L2 ⌦ L⇤

4) = (0, 60, 0, 0) h•(X,L3 ⌦ L⇤
4) = (0, 0, 36, 0)

(4.12)

we find the upstairs spectrum

8 162 , 4 163 , 3 101,4 , 3 102,3 , 12 12,�1 , 12 13,�1 , 7 12,�3 , 15 13,�2 , 60 12,�4 , 36 14,�3 . (4.13)

This spectrum is designed to produce a standard-model with three families upon dividing by a freely-

acting symmetry of order four. Such symmetries are indeed available for the tetra-quadric however,

unfortunately, for group-theoretical reasons these symmetries cannot break the SO(10) gauge group to

the standard model group. For this reason, the above model should be considered a toy example.

Nevertheless, it is useful to calculate the Yukawa couplings for this model, in order to gain some

experience with our formalism. Specifically, we are interested in couplings of the type

�IJK10
(I)
1,416

(J)
2 16

(K)
3 . (4.14)

which are allowed by the SO(10)⇥ S(U(1)4) gauge symmetry. Following Table 4, the required harmonic

forms are contained in the first cohomologies of the line bundles

K1 = L1 ⌦ L4 = OX(0, 2,�2, 0) , K2 = L2 = OX(0,�2, 1, 3) , K3 = L3 = OX(0, 0, 1,�3) . (4.15)

These line bundles satisfyH1(X,Ki) ⇠= H1(A,Ki) andH2(A,N ⇤⌦Ki) = 0, whereKi are the corresponding

ambient space line bundles with Ki = Ki|X . This shows (see Section 2.4) that all three harmonic forms

which enter the Yukawa integral are of type 1. From our general arguments this means that the Yukawa

couplings vanish, so

�IJK = 0 . (4.16)

Note that this vanishing is, apparently, not caused by a symmetry in the low-energy theory but happens

due to quasi-topological reasons related to the cohomology of the line bundles involved. (However, we do

not rule out that a symmetry which explains this vanishing result may be found.)
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unfortunately, for group-theoretical reasons these symmetries cannot break the SO(10) gauge group to

the standard model group. For this reason, the above model should be considered a toy example.

Nevertheless, it is useful to calculate the Yukawa couplings for this model, in order to gain some

experience with our formalism. Specifically, we are interested in couplings of the type
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Note that this vanishing is, apparently, not caused by a symmetry in the low-energy theory but happens
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not rule out that a symmetry which explains this vanishing result may be found.)
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These line bundles satisfyH1(X,Ki) ⇠= H1(A,Ki) andH2(A,N ⇤⌦Ki) = 0, whereKi are the corresponding

ambient space line bundles with Ki = Ki|X . This shows (see Section 2.4) that all three harmonic forms

which enter the Yukawa integral are of type 1. From our general arguments this means that the Yukawa

couplings vanish, so

�IJK = 0 . (4.16)

Note that this vanishing is, apparently, not caused by a symmetry in the low-energy theory but happens

due to quasi-topological reasons related to the cohomology of the line bundles involved. (However, we do

not rule out that a symmetry which explains this vanishing result may be found.)

22

But all    are of type 1 so that            . ⌫i �IJK = 0

4.2 An example with vanishing Yukawa couplings
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L1 = OX(�1, 0, 0, 1) , L2 = OX(0,�2, 1, 3) , L3 = OX(0, 0, 1,�3) . L4 = OX(1, 2,�2,�1) , (4.11)
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cohomology results

h•(X,L2) = (0, 8, 0, 0) h•(X,L3) = (0, 4, 0, 0) h•(X,L1 ⌦ L4) = (0, 3, 3, 0)

h•(X,L2 ⌦ L3) = (0, 3, 3, 0) h•(X,L1 ⌦ L⇤
2) = (0, 0, 12, 0) h•(X,L1 ⌦ L⇤

3) = (0, 0, 12, 0)

h•(X,L2 ⌦ L⇤
3) = (0, 7, 15, 0) h•(X,L2 ⌦ L⇤
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This spectrum is designed to produce a standard-model with three families upon dividing by a freely-

acting symmetry of order four. Such symmetries are indeed available for the tetra-quadric however,

unfortunately, for group-theoretical reasons these symmetries cannot break the SO(10) gauge group to

the standard model group. For this reason, the above model should be considered a toy example.

Nevertheless, it is useful to calculate the Yukawa couplings for this model, in order to gain some
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acting symmetry of order four. Such symmetries are indeed available for the tetra-quadric however,
unfortunately, for group-theoretical reasons these symmetries cannot break theSO(10) gauge group to
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couplings vanish, so

! IJK = 0 . (4.16)

Note that this vanishing is, apparently, not caused by a symmetry in the low-energy theory but happens
due to quasi-topological reasons related to the cohomology of the line bundles involved. (However, we do
not rule out that a symmetry which explains this vanishing result may be found.)
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Example 2: A 3-1-1 coupling on a co-dimension two Cicy

Note that ö! m takes values in! m N ! which is a line bundle. Hence,ö! m has a single component. Eq. (4.21)
is the general formula for the holomorphic Yukawa coupling for any co-dimensionm CICY. The explicit
form of ö! m can be computed using Eqs. (4.10), (4.15). We will not present it here since it is a very long
and complicated expression in terms of numerous components of the forms ö" and ö#a. For m = 2 ö! 2 was
previously denoted by ö$ and was given in Eq. (3.44).

From Eq. (4.21) it follows that a su " cient condition for %(" 1, " 2, " 3) = 0 is ö! m = 0. If ö! m = 0 the
chain of equations (4.15) truncates at an earlier step when the form ö! s ! # s+3 (A , ! sN ! ) becomes closed
for s < m and ö! s+1 , . . . , ö! m vanish. The general solution to the system (4.15) is the general solution to the
homogeneous equations and a partial solution to the inhomogeneous ones, the former describing closed
forms. If the system truncates at ö! s then it describes closed forms of degrees (0, 1), . . . , (0, s). This implies
that the ambient degree of ö& is s + 3 < m + 3. On other hand, from the deÞnition of ö& in Eq. (4.12) it
follows that its ambient degree isa1 + a2 + a3, where ai are the ambient degrees of ö" i . Thus, we obtain a
vanishing theorem.3

Theorem : If the forms " i , i = 1 , 2, 3 have ambient degreesai satisfying

a1 + a2 + a3 < dimA = 3 + m (4.22)

then %(" 1, " 2, " 3) = 0.

5 Examples

In this section, we calculate the Yukawa coupling for some line bundle standard models on a co-dimension
2 CICY. More speciÞcally, the manifold that we have chosen is CICY 7487 [6], speciÞed by the following
conÞguration matrix:

X =

!

"
"
"
"
"
#

P1 0 2
P1 1 1
P1 1 1
P1 1 1
P1 1 1

$

%
%
%
%
%
&

5,45

" 80

(5.1)

If we label (x0, x1; y0, y1; u0, u1; v0, v1; w0, w1) as the homogeneous coordinates of the ambient spaceA =
P1 " P1 " P1 " P1 " P1, then the deÞning polynomials of the manifold are:

f = c15(u0v1w1y0 + u1v0w0y1) + c14(u1v0w1y0 + u0v1w0y1) + c13(u1v1w0y0 + u0v0w1y1) + c16(u0v0w0y0 + u1v1w1y1)

g = c8
'
u0v0w0x2

0y1 # u1v1w1x2
1y0

(
+ c5

'
u1v1w0x2

0y1 # u0v0w1x2
1y0

(
+ c6

'
u1v0w1x2

0y1 # u0v1w0x2
1y0

(
+

+ c7
'
u0v1w1x2

0y1 # u1v0w0x2
1y0

(
+ c3 (u0v1w1x0x1y0 # u1v0w0x0x1y1) + c2 (u1v0w1x0x1y0 # u0v1w0x0x1y1) +

+ c1 (u1v1w0x0x1y0 # u0v0w1x0x1y1) + c4 (u0v0w0x0x1y0 # u1v1w1x0x1y1) + c9
'
u1v1w1x2

0y0 # u0v0w0x2
1y1

(
+

+ c12
'
u0v0w1x2

0y0 # u1v1w0x2
1y1

(
+ c11

'
u0v1w0x2

0y0 # u1v0w1x2
1y1

(
+ c10

'
u1v0w0x2

0y0 # u0v1w1x2
1y1

(
. (5.2)

3This theorem gives a su! cient condition for ! (" 1, " 2, " 3) = 0. It is possible that ! (" 1, " 2, " 3) = 0 for non-zero ö#m .
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Example 2: A 3-1-1 coupling on a co-dimension two Cicy

5.2 Type 3-1-1 coupling

The line bundle model considered in this example is speciÞed by:

L 1 = OX (1, ! 2, 0, 0, 1), L 2 = OX (0, 1, 0, 1, ! 2), L 3 = OX (0, 0, 1, ! 2, 1)

L 4 = OX (0, 0, ! 1, 0, 1), L 5 = OX (! 1, 1, 0, 1, ! 1). (5.34)

It is again a SU(5) " S(U(1)5) model which produces the cohomology results:

h¥(X, L 1) = (0 , 4, 0, 0) h¥(X, L 2) = (0 , 4, 0, 0)
h¥(X, L 3) = (0 , 4, 0, 0) h¥(X, L 1 # L 3) = (0 , 4, 0, 0)
h¥(X, L 2 # L 3) = (0 , 1, 1, 0) h¥(X, L 2 # L 4) = (0 , 1, 1, 0)
h¥(X, L 2 # L 5) = (0 , 8, 0, 0) h¥(X, L 3 # L 4) = (0 , 3, 3, 0)
h¥(X, L 1 # L !

4) = (0 , 4, 0, 0) h¥(X, L 1 # L !
5) = (0 , 8, 0, 0)

h¥(X, L 2 # L !
3) = (0 , 9, 9, 0) h¥(X, L 2 # L !

4) = (0 , 16, 0, 0)
h¥(X, L 3 # L !

4) = (0 , 3, 3, 0) h¥(X, L 3 # L !
5) = (0 , 12, 0, 0)

h¥(X, L 5 # L !
4) = (0 , 4, 0, 0)

(5.35)

The upstairs spectrum arising from this theory is:

4 101, 4 102, 4 103,

4 51,3, 5H
2,3, 5H

2,3, 5H
2,4, 5H

2,4, 8 52,5, 3 5H
3,4, 3 5H

3,4,

4 11,4, 8 11,5, 9 12,3, 9 13,2, 16 12,4, 3 13,4, 3 14,3, 12 13,5, 4 15,4 (5.36)

We are interested in the following coupling:

W = ! IJK 5(I )
2,55H, (J )

3,4 10(K )
1 . (5.37)

The relevant harmonic forms are therefore:

8 52,5 $ K 1 = L 2 # L 5 = OX (! 1, 2, 0, 2, ! 3), ö" 1 = #" 3
1 #" 2

3 #" 5
5

÷P(" 3,0," 2,0," 5)døµ1 %døµ3 %døµ5

3 5H
3,4 $ K 2 = L 3 # L 4 = OX (0, 0, 0, ! 2, 2), ö$2 = #" 2

4
÷Q(0,0,0," 2,2)døµ4

4 101 $ K 3 = L 1 = OX (1, ! 2, 0, 0, 1), ö$3 = #" 2
2

÷R(1," 2,0,0,1)døµ2

(5.38)

where ö" 1 & H 3(A , %2N ! # K1), ö$2 & H 1(A , K2), ö$3 & H 1(A , K3) and polynomials ÷P, ÷Q, ÷R are deÞned as:

÷P = p0x0w3
0 + p1x0w2

0w1 + p2x0w0w2
1 + p3x0w3

1+

+ p4x1w3
0 + p5x1w2

0w1 + p6x1w0w2
1 + p7x1w3

1

÷Q = q0w2
0 + q1w0w1 + q2w2

1

÷R = r0x0w0 + r1x1w0 + r2x0w1 + r3x1w1 (5.39)
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Note that ö! m takes values in! m N ! which is a line bundle. Hence,ö! m has a single component. Eq. (4.21)
is the general formula for the holomorphic Yukawa coupling for any co-dimensionm CICY. The explicit
form of ö! m can be computed using Eqs. (4.10), (4.15). We will not present it here since it is a very long
and complicated expression in terms of numerous components of the forms ö" and ö#a. For m = 2 ö! 2 was
previously denoted by ö$ and was given in Eq. (3.44).
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follows that its ambient degree isa1 + a2 + a3, where ai are the ambient degrees of ö" i . Thus, we obtain a
vanishing theorem.3

Theorem : If the forms " i , i = 1 , 2, 3 have ambient degreesai satisfying

a1 + a2 + a3 < dimA = 3 + m (4.22)

then %(" 1, " 2, " 3) = 0.

5 Examples

In this section, we calculate the Yukawa coupling for some line bundle standard models on a co-dimension
2 CICY. More speciÞcally, the manifold that we have chosen is CICY 7487 [6], speciÞed by the following
conÞguration matrix:

X =

!

"
"
"
"
"
#

P1 0 2
P1 1 1
P1 1 1
P1 1 1
P1 1 1

$

%
%
%
%
%
&

5,45

" 80

(5.1)

If we label (x0, x1; y0, y1; u0, u1; v0, v1; w0, w1) as the homogeneous coordinates of the ambient spaceA =
P1 " P1 " P1 " P1 " P1, then the deÞning polynomials of the manifold are:

f = c15(u0v1w1y0 + u1v0w0y1) + c14(u1v0w1y0 + u0v1w0y1) + c13(u1v1w0y0 + u0v0w1y1) + c16(u0v0w0y0 + u1v1w1y1)

g = c8
'
u0v0w0x2

0y1 # u1v1w1x2
1y0

(
+ c5

'
u1v1w0x2

0y1 # u0v0w1x2
1y0

(
+ c6

'
u1v0w1x2

0y1 # u0v1w0x2
1y0

(
+

+ c7
'
u0v1w1x2

0y1 # u1v0w0x2
1y0

(
+ c3 (u0v1w1x0x1y0 # u1v0w0x0x1y1) + c2 (u1v0w1x0x1y0 # u0v1w0x0x1y1) +

+ c1 (u1v1w0x0x1y0 # u0v0w1x0x1y1) + c4 (u0v0w0x0x1y0 # u1v1w1x0x1y1) + c9
'
u1v1w1x2

0y0 # u0v0w0x2
1y1

(
+

+ c12
'
u0v0w1x2

0y0 # u1v1w0x2
1y1

(
+ c11

'
u0v1w0x2

0y0 # u1v0w1x2
1y1

(
+ c10

'
u1v0w0x2

0y0 # u0v1w1x2
1y1

(
. (5.2)

3This theorem gives a su! cient condition for ! (" 1, " 2, " 3) = 0. It is possible that ! (" 1, " 2, " 3) = 0 for non-zero ö#m .

15

• CY manifold: Z2 ! Z2 symmetry



Example 2: A 3-1-1 coupling on a co-dimension two Cicy

5.2 Type 3-1-1 coupling

The line bundle model considered in this example is speciÞed by:
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Note that ö! m takes values in! m N ! which is a line bundle. Hence,ö! m has a single component. Eq. (4.21)
is the general formula for the holomorphic Yukawa coupling for any co-dimensionm CICY. The explicit
form of ö! m can be computed using Eqs. (4.10), (4.15). We will not present it here since it is a very long
and complicated expression in terms of numerous components of the forms ö" and ö#a. For m = 2 ö! 2 was
previously denoted by ö$ and was given in Eq. (3.44).

From Eq. (4.21) it follows that a su " cient condition for %(" 1, " 2, " 3) = 0 is ö! m = 0. If ö! m = 0 the
chain of equations (4.15) truncates at an earlier step when the form ö! s ! # s+3 (A , ! sN ! ) becomes closed
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Theorem : If the forms " i , i = 1 , 2, 3 have ambient degreesai satisfying

a1 + a2 + a3 < dimA = 3 + m (4.22)

then %(" 1, " 2, " 3) = 0.

5 Examples

In this section, we calculate the Yukawa coupling for some line bundle standard models on a co-dimension
2 CICY. More speciÞcally, the manifold that we have chosen is CICY 7487 [6], speciÞed by the following
conÞguration matrix:

X =

!

"
"
"
"
"
#

P1 0 2
P1 1 1
P1 1 1
P1 1 1
P1 1 1

$

%
%
%
%
%
&

5,45

" 80

(5.1)

If we label (x0, x1; y0, y1; u0, u1; v0, v1; w0, w1) as the homogeneous coordinates of the ambient spaceA =
P1 " P1 " P1 " P1 " P1, then the deÞning polynomials of the manifold are:

f = c15(u0v1w1y0 + u1v0w0y1) + c14(u1v0w1y0 + u0v1w0y1) + c13(u1v1w0y0 + u0v0w1y1) + c16(u0v0w0y0 + u1v1w1y1)

g = c8
'
u0v0w0x2

0y1 # u1v1w1x2
1y0

(
+ c5

'
u1v1w0x2

0y1 # u0v0w1x2
1y0

(
+ c6

'
u1v0w1x2

0y1 # u0v1w0x2
1y0

(
+

+ c7
'
u0v1w1x2

0y1 # u1v0w0x2
1y0

(
+ c3 (u0v1w1x0x1y0 # u1v0w0x0x1y1) + c2 (u1v0w1x0x1y0 # u0v1w0x0x1y1) +

+ c1 (u1v1w0x0x1y0 # u0v0w1x0x1y1) + c4 (u0v0w0x0x1y0 # u1v1w1x0x1y1) + c9
'
u1v1w1x2

0y0 # u0v0w0x2
1y1

(
+

+ c12
'
u0v0w1x2

0y0 # u1v1w0x2
1y1

(
+ c11

'
u0v1w0x2

0y0 # u1v0w1x2
1y1

(
+ c10

'
u1v0w0x2

0y0 # u0v1w1x2
1y1

(
. (5.2)

3This theorem gives a su! cient condition for ! (" 1, " 2, " 3) = 0. It is possible that ! (" 1, " 2, " 3) = 0 for non-zero ö#m .
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• CY manifold: Z2 ! Z2 symmetry

• spectrum:

5.2 Type 3-1-1 coupling

The line bundle model considered in this example is speciÞed by:

L 1 = OX (1, ! 2, 0, 0, 1), L 2 = OX (0, 1, 0, 1, ! 2), L 3 = OX (0, 0, 1, ! 2, 1)

L 4 = OX (0, 0, ! 1, 0, 1), L 5 = OX (! 1, 1, 0, 1, ! 1). (5.34)

It is again a SU(5) " S(U(1)5) model which produces the cohomology results:

h¥(X, L 1) = (0 , 4, 0, 0) h¥(X, L 2) = (0 , 4, 0, 0)
h¥(X, L 3) = (0 , 4, 0, 0) h¥(X, L 1 # L 3) = (0 , 4, 0, 0)
h¥(X, L 2 # L 3) = (0 , 1, 1, 0) h¥(X, L 2 # L 4) = (0 , 1, 1, 0)
h¥(X, L 2 # L 5) = (0 , 8, 0, 0) h¥(X, L 3 # L 4) = (0 , 3, 3, 0)
h¥(X, L 1 # L !

4) = (0 , 4, 0, 0) h¥(X, L 1 # L !
5) = (0 , 8, 0, 0)

h¥(X, L 2 # L !
3) = (0 , 9, 9, 0) h¥(X, L 2 # L !

4) = (0 , 16, 0, 0)
h¥(X, L 3 # L !

4) = (0 , 3, 3, 0) h¥(X, L 3 # L !
5) = (0 , 12, 0, 0)

h¥(X, L 5 # L !
4) = (0 , 4, 0, 0)

(5.35)

The upstairs spectrum arising from this theory is:

4 101, 4 102, 4 103,

4 51,3, 5H
2,3, 5H

2,3, 5H
2,4, 5H

2,4, 8 52,5, 3 5H
3,4, 3 5H

3,4,

4 11,4, 8 11,5, 9 12,3, 9 13,2, 16 12,4, 3 13,4, 3 14,3, 12 13,5, 4 15,4 (5.36)

We are interested in the following coupling:

W = ! IJK 5(I )
2,55H, (J )

3,4 10(K )
1 . (5.37)

The relevant harmonic forms are therefore:

8 52,5 $ K 1 = L 2 # L 5 = OX (! 1, 2, 0, 2, ! 3), ö" 1 = #" 3
1 #" 2

3 #" 5
5

÷P(" 3,0," 2,0," 5)døµ1 %døµ3 %døµ5

3 5H
3,4 $ K 2 = L 3 # L 4 = OX (0, 0, 0, ! 2, 2), ö$2 = #" 2

4
÷Q(0,0,0," 2,2)døµ4

4 101 $ K 3 = L 1 = OX (1, ! 2, 0, 0, 1), ö$3 = #" 2
2

÷R(1," 2,0,0,1)døµ2

(5.38)

where ö" 1 & H 3(A , %2N ! # K1), ö$2 & H 1(A , K2), ö$3 & H 1(A , K3) and polynomials ÷P, ÷Q, ÷R are deÞned as:

÷P = p0x0w3
0 + p1x0w2

0w1 + p2x0w0w2
1 + p3x0w3

1+

+ p4x1w3
0 + p5x1w2

0w1 + p6x1w0w2
1 + p7x1w3

1

÷Q = q0w2
0 + q1w0w1 + q2w2

1

÷R = r0x0w0 + r1x1w0 + r2x0w1 + r3x1w1 (5.39)
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(5.35)

The upstairs spectrum arising from this theory is:

4 101, 4 102, 4 103,

4 51,3, 5
H
2,3, 5H2,3, 5

H
2,4, 5H2,4, 8 52,5, 3 5

H
3,4, 3 5H3,4,

4 11,4, 8 11,5, 9 12,3, 9 13,2, 16 12,4, 3 13,4, 3 14,3, 12 13,5, 4 15,4 (5.36)

We are interested in the following coupling:

W =  IJK5
(I)
2,55

H,(J)
3,4 10

(K)
1 . (5.37)

The relevant harmonic forms are therefore:

8 52,5 ! K1 = L2 ⌦ L5 = OX(�1, 2, 0, 2,�3), ⇢̂1 = ��3
1 ��2

3 ��5
5 P̃(�3,0,�2,0,�5)dµ̄1 ^ dµ̄3 ^ dµ̄5

3 5
H
3,4 ! K2 = L3 ⌦ L4 = OX(0, 0, 0,�2, 2), ⌫̂2 = ��2

4 Q̃(0,0,0,�2,2)dµ̄4

4 101 ! K3 = L1 = OX(1,�2, 0, 0, 1), ⌫̂3 = ��2
2 R̃(1,�2,0,0,1)dµ̄2

(5.38)

where ⇢̂1 2 H3(A,^2N ⇤ ⌦K1), ⌫̂2 2 H1(A,K2), ⌫̂3 2 H1(A,K3) and polynomials P̃ , Q̃, R̃ are defined as:

P̃ = p0x0w
3
0 + p1x0w

2
0w1 + p2x0w0w

2
1 + p3x0w

3
1+

+ p4x1w
3
0 + p5x1w

2
0w1 + p6x1w0w

2
1 + p7x1w

3
1

Q̃ = q0w
2
0 + q1w0w1 + q2w

2
1

R̃ = r0x0w0 + r1x1w0 + r2x0w1 + r3x1w1 (5.39)
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Example 3: singlet-Yukawa couplings in SU(5) model on tetra-quadric

• bundle: 

where µ(P,Q,R) is defined by Eq. (111). Then we write down the homogeneous versions of the polynomials

P̃ = p0x3,0 + p1x3,1 , Q̃ = q0x4,0 + q1x4,1 , R̃ = r0x̄3,0x̄4,0 + r1x̄4,0x̄3,1 + r2x̄3,0x̄4,1 + r3x̄3,1x̄4,1 . (120)

and work out

µ(P,Q,R) =
�
p0@̄3,0 + p1@̄3,1

� �
q0@̄4,0 + q1@̄4,1

�
(r0x̄3,0x̄4,0 + r1x̄4,0x̄3,1 + r2x̄3,0x̄4,1 + r3x̄3,1x̄4,1) (121)

= p0q0r0 + p0q1r2 + p1q0r1 + p1q1r3 (122)

which indeed coincides with the result from the integral calculation (118).

9.2 Example 2: The B � L standard model

This is an SU(5) model based on the five line bundles

L1 = OX(�1, 0, 0, 1) , L2 = OX(�1,�3, 2, 2) , L3 = OX(0, 1,�1, 0)

L4 = OX(1, 1,�1,�1) , L5 = OX(1, 1, 0,�2) (123)

which was analysed in Ref. [11]. Upon taking an appropriate quotient with a Z2 ⇥ Z2 symmetry of the tetra-
quadric, this model gives rise to a standard model. Its non-Abelian structure away from the line bundle locus
can also be studied to some extent.

I would like to consider Yukawa couplings for this model, for now computed in the SU(5) GUT theory. The
relevant line bundles, which give rise to multiplets which can form SU(5)⇥S(U(1)5) invariant Yukawa couplings
are

K1 = L⇤
2 ⌦ L⇤

5 3 5

H
2,5 ⌫̂1 = �2

3 Q(0,2,�2,0)dz̄3
K2 = L5 4 102 ⌫̂2 = �2

4 R(1,1,0,�2)dz̄4
K3 = L2 8 105 !̂ = �3

1 �5
2 S(�3,�5,0,0)dz̄1 ^ dz̄2 .

(124)

The three types of polynomials involved can be explicitly written as

Q = q0 + q1z2 + q2z
2
2 (125)

R = r0 + r1z1 + r2z2 + r3z1z2 (126)

S = s0 + s1z̄2 + s2z̄
2
2 + s3z̄

3
2 + s4z̄1 + s5z̄1z̄2 + s6z̄1z̄

2
2 + s7z̄1z̄

3
2 . (127)

Note that they carry 3, 4 and 8 degrees of freedom, respectively, as required to describe the correct number of
multiplets.

For the explicit calculation, we have

�(Q,R, S) =
1

⇡

Z

C4

QRS

31
5
2

2
3

2
4

d4z d4z̄ . (128)

Multiplying the polynomials and discarding “non-matching” terms gives

QRS = q0r0s0 + q0r1s4|z1|2 + q0r2s1|z2|2 + q0r3s5|z1|2|z2|2 + q1r0s1|z2|2 + (129)

q1r1s5|z1|2|z2|2 + q1r2s2|z2|4 + q1r3s6|z1|2|z2|4 + q2r0s2|z2|2 + q2r1s6|z1|2|z2|4 + (130)

q2r2s3|z2|6 + q2r3s7|z2|6 + non-matching terms (131)
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• bundle: 
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which indeed coincides with the result from the integral calculation (118).

9.2 Example 2: The B � L standard model

This is an SU(5) model based on the five line bundles
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2 ⌦ L⇤
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Note that they carry 3, 4 and 8 degrees of freedom, respectively, as required to describe the correct number of
multiplets.

For the explicit calculation, we have
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• spectrum: 

dependence. We would now like to calculate Yukawa couplings in a quasi-realistic model on the tetra-
quadric, that is, a model with gauge groupSU(3) ! SU(2) ! U(1) (plus additional U(1) symmetries which
are Green-Schwarz anomalous or can be spontaneously broken) and the exact MSSM spectrum (plus
moduli Þelds uncharged under the standard model group, including bundle moduli singlets). This model
appears in the standard model data base [15, 16] and has been further analysed in Refs. [31, 32, 33, 34].
We begin by reviewing the basic structure of this model and then calculate the two types of non-vanishing
Yukawa couplings which arise, that is, the standard up-quark Yukawa couplings and the singlet Yukawa
couplings of the form SLH , with bundle moduli singlets S.

5.1 The model

The upstairs model is based on a rank Þve line bundle sum,V =
! 5

a=1 L a, on the tetra-quadric, with the
Þve line bundles explicitly given by

L 1 = OX (" 1, 0, 0, 1) , L 2 = OX (" 1, " 3, 2, 2) , L 3 = OX (0, 1, " 1, 0)
L 4 = OX (1, 1, " 1, " 1) , L 5 = OX (1, 1, 0, " 2) .

(5.1)

Hence, the low-energy GUT group isSU(5) ! S(U(1)5). The non-zero cohomologies of line bundles
appearing in V , #2V and V $ V ! are

h
¥
(X, L 2) = (0 , 8, 0, 0) , h

¥
(X, L 5) = (0 , 4, 0, 0)

h
¥
(X, L 2 $ L 4) = (0 , 4, 0, 0) , h

¥
(X, L 2 $ L 5) = (0 , 3, 3, 0)

h
¥
(X, L 4 $ L 5) = (0 , 8, 0, 0) , h

¥
(X, L 1 $ L !

2) = (0 , 0, 12, 0)

h
¥
(X, L 1 $ L !

5) = (0 , 0, 12, 0) , h
¥
(X, L 2 $ L !

3) = (0 , 20, 0, 0)

h
¥
(X, L 2 $ L !

4) = (0 , 12, 0, 0) , h
¥
(X, L 3 $ L !

5) = (0 , 0, 4, 0) .

(5.2)

Following Table 3, these cohomologies give rise to the GUT spectrum

8102 , 4105 , 452,4 , 35H
2,5 , 854,5 , 35H

2,5 , 1212,1 , 1215,1 , 2012,3 , 1212,4 , 415,3 . (5.3)

At the GUT level the only superpotential terms allowed by the gauge symmetry are

W = ! IJK 5(I )
2,510(J )

2 10(K )
5 + " IJK 1(I )

2,45(J )
4,5 5(K )

2,5 , (5.4)

where the indicesI, J, K . . . run over various ranges, as indicated by the multiplicities in the spectrum (5.3)
and ! IJK and " IJK are the couplings we would like to calculate.

Evidently, the above GUT model has 12 families of quarks and leptons, three vector-like5H Ð5H

pairs, which can account for the Higgs multiplets, and a spectrum of bundle moduli singlets. This is a
promising upstairs spectrum which may lead to a downstairs standard model upon dividing by a freely-
acting symmetry of order four. This can indeed be accomplished using theZ2 ! Z2 symmetry with
generators (3.36), a choice of Wilson line speciÞed by#2 = (0 , 1) and #3 = (0 , 0) and a trivial equivariant
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Example 3: singlet-Yukawa couplings in SU(5) model on tetra-quadric

• bundle: 

where µ(P,Q,R) is defined by Eq. (111). Then we write down the homogeneous versions of the polynomials

P̃ = p0x3,0 + p1x3,1 , Q̃ = q0x4,0 + q1x4,1 , R̃ = r0x̄3,0x̄4,0 + r1x̄4,0x̄3,1 + r2x̄3,0x̄4,1 + r3x̄3,1x̄4,1 . (120)

and work out

µ(P,Q,R) =
�
p0@̄3,0 + p1@̄3,1

� �
q0@̄4,0 + q1@̄4,1

�
(r0x̄3,0x̄4,0 + r1x̄4,0x̄3,1 + r2x̄3,0x̄4,1 + r3x̄3,1x̄4,1) (121)

= p0q0r0 + p0q1r2 + p1q0r1 + p1q1r3 (122)

which indeed coincides with the result from the integral calculation (118).

9.2 Example 2: The B � L standard model

This is an SU(5) model based on the five line bundles

L1 = OX(�1, 0, 0, 1) , L2 = OX(�1,�3, 2, 2) , L3 = OX(0, 1,�1, 0)

L4 = OX(1, 1,�1,�1) , L5 = OX(1, 1, 0,�2) (123)

which was analysed in Ref. [11]. Upon taking an appropriate quotient with a Z2 ⇥ Z2 symmetry of the tetra-
quadric, this model gives rise to a standard model. Its non-Abelian structure away from the line bundle locus
can also be studied to some extent.

I would like to consider Yukawa couplings for this model, for now computed in the SU(5) GUT theory. The
relevant line bundles, which give rise to multiplets which can form SU(5)⇥S(U(1)5) invariant Yukawa couplings
are

K1 = L⇤
2 ⌦ L⇤

5 3 5

H
2,5 ⌫̂1 = �2

3 Q(0,2,�2,0)dz̄3
K2 = L5 4 102 ⌫̂2 = �2

4 R(1,1,0,�2)dz̄4
K3 = L2 8 105 !̂ = �3

1 �5
2 S(�3,�5,0,0)dz̄1 ^ dz̄2 .

(124)

The three types of polynomials involved can be explicitly written as

Q = q0 + q1z2 + q2z
2
2 (125)

R = r0 + r1z1 + r2z2 + r3z1z2 (126)

S = s0 + s1z̄2 + s2z̄
2
2 + s3z̄

3
2 + s4z̄1 + s5z̄1z̄2 + s6z̄1z̄

2
2 + s7z̄1z̄

3
2 . (127)

Note that they carry 3, 4 and 8 degrees of freedom, respectively, as required to describe the correct number of
multiplets.

For the explicit calculation, we have

�(Q,R, S) =
1

⇡

Z

C4

QRS

31
5
2

2
3

2
4

d4z d4z̄ . (128)

Multiplying the polynomials and discarding “non-matching” terms gives

QRS = q0r0s0 + q0r1s4|z1|2 + q0r2s1|z2|2 + q0r3s5|z1|2|z2|2 + q1r0s1|z2|2 + (129)

q1r1s5|z1|2|z2|2 + q1r2s2|z2|4 + q1r3s6|z1|2|z2|4 + q2r0s2|z2|2 + q2r1s6|z1|2|z2|4 + (130)

q2r2s3|z2|6 + q2r3s7|z2|6 + non-matching terms (131)

18

If we group the quarks into triplets ( Qi ) = ( Q1
5, Q2

5, Q2) and (ui ) = ( u1
5, u2

5, u2) with Yukawa term ! (u)
ij

øHQ i uj

then the Yukawa couplings (relative to our chosen basis of polynomials in Eqs. (147)Ð(151)) are given by

! (u) =
" 3

3

!

"
0 0 0
0 0 1
0 1 0

#

$ . (155)

9.3 Example 3: Singlet Yukawa couplings in the B ! L standard model

The SU(5) model discussed in the previous sub-section has another, singlet Yukawa coupling of the upstairs
form

12,4 ø54,5 52,5 . (156)

The line bundles are given by

K 1 = L 2 " L !
4 = OX (! 2, ! 4, 3, 3) # 1212,4 $ #" 1 Ker

%
H 2(OA (! 4, ! 6, 1, 1)

p
# H 2(OA (! 2, ! 4, 3, 3)

&

K 2 = L 4 " L 5 = OX (2, 2, ! 1, ! 3) # 8 ø54,5 $ #" 1 H 2(OA (0, 0, ! 3, ! 5) (157)

K 3 = L !
2 " L !

5 = OX (0, 2, ! 2, 0) # 352,5 $ H 1(OA (0, 2, ! 2, 0))

with associated di! erential forms

ö$1 = %" 4
1 %" 6

2 Q(" 4," 6,1,1)døz1 %døz2 where ÷p ÷Q = 0 (158)

ö$2 = %" 3
3 %" 5

4 R(0,0," 3," 5)døz3 %døz4 (159)

ö&3 = %" 2
3 S(0,2," 2,0)døz3 . (160)

There are two additional complications, compared to the previous examples, evident from this list of forms. First
of all, the singlet space is deÞned as a kernel between spaces with dimensions dimH 2(OA (! 4, ! 6, 1, 1)) = 60
and dim H 2(OA (! 2, ! 4, 3, 3)) = 48 which are quite large. Secondly, two of the three forms are deÞned in terms
of a co-boundary map.

In order to deal with the second of these complications, I would like to compute the one-form ö&2 which
corresponds to ö$2. To this end, I write

R(0,0," 3," 5) = r0 + r1øz3 , p = p0 + p1z3 + p2z2
3 (161)

and, using the result from Eq. (81),

R = !
1
2

(p1r0 + p2r1) + p0r0øz3 +
1
2

p0r1øz2 !
1
2

p2r0z3 ! p2r1|z3|2 +
1
2

(p0r0 + p1r1)øz3|z3|2 (162)

I Þnd
ö&2 = %" 2

3 %" 5
4 Rdøz4 # ø' ö&2 = pö$2 . (163)

Using this result in the basic formula (106) for the Yukawa couplings I Þnd

! (&1, &2, &3) = !
1
"

'

C4

QRS
%4

1%6
2%4

3%5
4
d4z d4øz . (164)
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• coupling of interest: 

•  spectrum: 

dependence. We would now like to calculate Yukawa couplings in a quasi-realistic model on the tetra-
quadric, that is, a model with gauge groupSU(3) ! SU(2) ! U(1) (plus additional U(1) symmetries which
are Green-Schwarz anomalous or can be spontaneously broken) and the exact MSSM spectrum (plus
moduli Þelds uncharged under the standard model group, including bundle moduli singlets). This model
appears in the standard model data base [15, 16] and has been further analysed in Refs. [31, 32, 33, 34].
We begin by reviewing the basic structure of this model and then calculate the two types of non-vanishing
Yukawa couplings which arise, that is, the standard up-quark Yukawa couplings and the singlet Yukawa
couplings of the form SLH , with bundle moduli singlets S.

5.1 The model

The upstairs model is based on a rank Þve line bundle sum,V =
! 5

a=1 L a, on the tetra-quadric, with the
Þve line bundles explicitly given by

L 1 = OX (" 1, 0, 0, 1) , L 2 = OX (" 1, " 3, 2, 2) , L 3 = OX (0, 1, " 1, 0)
L 4 = OX (1, 1, " 1, " 1) , L 5 = OX (1, 1, 0, " 2) .

(5.1)

Hence, the low-energy GUT group isSU(5) ! S(U(1)5). The non-zero cohomologies of line bundles
appearing in V , #2V and V $ V ! are

h
¥
(X, L 2) = (0 , 8, 0, 0) , h

¥
(X, L 5) = (0 , 4, 0, 0)

h
¥
(X, L 2 $ L 4) = (0 , 4, 0, 0) , h

¥
(X, L 2 $ L 5) = (0 , 3, 3, 0)

h
¥
(X, L 4 $ L 5) = (0 , 8, 0, 0) , h

¥
(X, L 1 $ L !

2) = (0 , 0, 12, 0)

h
¥
(X, L 1 $ L !

5) = (0 , 0, 12, 0) , h
¥
(X, L 2 $ L !

3) = (0 , 20, 0, 0)

h
¥
(X, L 2 $ L !

4) = (0 , 12, 0, 0) , h
¥
(X, L 3 $ L !

5) = (0 , 0, 4, 0) .

(5.2)

Following Table 3, these cohomologies give rise to the GUT spectrum

8102 , 4105 , 452,4 , 35H
2,5 , 854,5 , 35H

2,5 , 1212,1 , 1215,1 , 2012,3 , 1212,4 , 415,3 . (5.3)

At the GUT level the only superpotential terms allowed by the gauge symmetry are

W = ! IJK 5(I )
2,510(J )

2 10(K )
5 + " IJK 1(I )

2,45(J )
4,5 5(K )

2,5 , (5.4)

where the indicesI, J, K . . . run over various ranges, as indicated by the multiplicities in the spectrum (5.3)
and ! IJK and " IJK are the couplings we would like to calculate.

Evidently, the above GUT model has 12 families of quarks and leptons, three vector-like5H Ð5H

pairs, which can account for the Higgs multiplets, and a spectrum of bundle moduli singlets. This is a
promising upstairs spectrum which may lead to a downstairs standard model upon dividing by a freely-
acting symmetry of order four. This can indeed be accomplished using theZ2 ! Z2 symmetry with
generators (3.36), a choice of Wilson line speciÞed by#2 = (0 , 1) and #3 = (0 , 0) and a trivial equivariant
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= p0q0r0 + p0q1r2 + p1q0r1 + p1q1r3 (122)

which indeed coincides with the result from the integral calculation (118).

9.2 Example 2: The B � L standard model

This is an SU(5) model based on the five line bundles

L1 = OX(�1, 0, 0, 1) , L2 = OX(�1,�3, 2, 2) , L3 = OX(0, 1,�1, 0)

L4 = OX(1, 1,�1,�1) , L5 = OX(1, 1, 0,�2) (123)

which was analysed in Ref. [11]. Upon taking an appropriate quotient with a Z2 ⇥ Z2 symmetry of the tetra-
quadric, this model gives rise to a standard model. Its non-Abelian structure away from the line bundle locus
can also be studied to some extent.

I would like to consider Yukawa couplings for this model, for now computed in the SU(5) GUT theory. The
relevant line bundles, which give rise to multiplets which can form SU(5)⇥S(U(1)5) invariant Yukawa couplings
are

K1 = L⇤
2 ⌦ L⇤

5 3 5

H
2,5 ⌫̂1 = �2

3 Q(0,2,�2,0)dz̄3
K2 = L5 4 102 ⌫̂2 = �2

4 R(1,1,0,�2)dz̄4
K3 = L2 8 105 !̂ = �3

1 �5
2 S(�3,�5,0,0)dz̄1 ^ dz̄2 .

(124)

The three types of polynomials involved can be explicitly written as

Q = q0 + q1z2 + q2z
2
2 (125)

R = r0 + r1z1 + r2z2 + r3z1z2 (126)

S = s0 + s1z̄2 + s2z̄
2
2 + s3z̄

3
2 + s4z̄1 + s5z̄1z̄2 + s6z̄1z̄

2
2 + s7z̄1z̄

3
2 . (127)

Note that they carry 3, 4 and 8 degrees of freedom, respectively, as required to describe the correct number of
multiplets.

For the explicit calculation, we have

�(Q,R, S) =
1

⇡

Z

C4

QRS

31
5
2

2
3

2
4

d4z d4z̄ . (128)

Multiplying the polynomials and discarding “non-matching” terms gives

QRS = q0r0s0 + q0r1s4|z1|2 + q0r2s1|z2|2 + q0r3s5|z1|2|z2|2 + q1r0s1|z2|2 + (129)

q1r1s5|z1|2|z2|2 + q1r2s2|z2|4 + q1r3s6|z1|2|z2|4 + q2r0s2|z2|2 + q2r1s6|z1|2|z2|4 + (130)

q2r2s3|z2|6 + q2r3s7|z2|6 + non-matching terms (131)

18

If we group the quarks into triplets ( Qi ) = ( Q1
5, Q2

5, Q2) and (ui ) = ( u1
5, u2

5, u2) with Yukawa term ! (u)
ij

øHQ i uj

then the Yukawa couplings (relative to our chosen basis of polynomials in Eqs. (147)Ð(151)) are given by

! (u) =
" 3

3

!

"
0 0 0
0 0 1
0 1 0

#

$ . (155)

9.3 Example 3: Singlet Yukawa couplings in the B ! L standard model

The SU(5) model discussed in the previous sub-section has another, singlet Yukawa coupling of the upstairs
form

12,4 ø54,5 52,5 . (156)

The line bundles are given by

K 1 = L 2 " L !
4 = OX (! 2, ! 4, 3, 3) # 1212,4 $ #" 1 Ker

%
H 2(OA (! 4, ! 6, 1, 1)

p
# H 2(OA (! 2, ! 4, 3, 3)

&

K 2 = L 4 " L 5 = OX (2, 2, ! 1, ! 3) # 8 ø54,5 $ #" 1 H 2(OA (0, 0, ! 3, ! 5) (157)

K 3 = L !
2 " L !

5 = OX (0, 2, ! 2, 0) # 352,5 $ H 1(OA (0, 2, ! 2, 0))

with associated di! erential forms

ö$1 = %" 4
1 %" 6

2 Q(" 4," 6,1,1)døz1 %døz2 where ÷p ÷Q = 0 (158)

ö$2 = %" 3
3 %" 5

4 R(0,0," 3," 5)døz3 %døz4 (159)

ö&3 = %" 2
3 S(0,2," 2,0)døz3 . (160)

There are two additional complications, compared to the previous examples, evident from this list of forms. First
of all, the singlet space is deÞned as a kernel between spaces with dimensions dimH 2(OA (! 4, ! 6, 1, 1)) = 60
and dim H 2(OA (! 2, ! 4, 3, 3)) = 48 which are quite large. Secondly, two of the three forms are deÞned in terms
of a co-boundary map.

In order to deal with the second of these complications, I would like to compute the one-form ö&2 which
corresponds to ö$2. To this end, I write

R(0,0," 3," 5) = r0 + r1øz3 , p = p0 + p1z3 + p2z2
3 (161)

and, using the result from Eq. (81),

R = !
1
2

(p1r0 + p2r1) + p0r0øz3 +
1
2

p0r1øz2 !
1
2

p2r0z3 ! p2r1|z3|2 +
1
2

(p0r0 + p1r1)øz3|z3|2 (162)

I Þnd
ö&2 = %" 2

3 %" 5
4 Rdøz4 # ø' ö&2 = pö$2 . (163)

Using this result in the basic formula (106) for the Yukawa couplings I Þnd

! (&1, &2, &3) = !
1
"

'

C4

QRS
%4

1%6
2%4

3%5
4
d4z d4øz . (164)
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• coupling of interest: 

•  spectrum: 

dependence. We would now like to calculate Yukawa couplings in a quasi-realistic model on the tetra-
quadric, that is, a model with gauge groupSU(3) ! SU(2) ! U(1) (plus additional U(1) symmetries which
are Green-Schwarz anomalous or can be spontaneously broken) and the exact MSSM spectrum (plus
moduli Þelds uncharged under the standard model group, including bundle moduli singlets). This model
appears in the standard model data base [15, 16] and has been further analysed in Refs. [31, 32, 33, 34].
We begin by reviewing the basic structure of this model and then calculate the two types of non-vanishing
Yukawa couplings which arise, that is, the standard up-quark Yukawa couplings and the singlet Yukawa
couplings of the form SLH , with bundle moduli singlets S.

5.1 The model

The upstairs model is based on a rank Þve line bundle sum,V =
! 5

a=1 L a, on the tetra-quadric, with the
Þve line bundles explicitly given by

L 1 = OX (" 1, 0, 0, 1) , L 2 = OX (" 1, " 3, 2, 2) , L 3 = OX (0, 1, " 1, 0)
L 4 = OX (1, 1, " 1, " 1) , L 5 = OX (1, 1, 0, " 2) .

(5.1)

Hence, the low-energy GUT group isSU(5) ! S(U(1)5). The non-zero cohomologies of line bundles
appearing in V , #2V and V $ V ! are

h
¥
(X, L 2) = (0 , 8, 0, 0) , h

¥
(X, L 5) = (0 , 4, 0, 0)

h
¥
(X, L 2 $ L 4) = (0 , 4, 0, 0) , h

¥
(X, L 2 $ L 5) = (0 , 3, 3, 0)

h
¥
(X, L 4 $ L 5) = (0 , 8, 0, 0) , h

¥
(X, L 1 $ L !

2) = (0 , 0, 12, 0)

h
¥
(X, L 1 $ L !

5) = (0 , 0, 12, 0) , h
¥
(X, L 2 $ L !

3) = (0 , 20, 0, 0)

h
¥
(X, L 2 $ L !

4) = (0 , 12, 0, 0) , h
¥
(X, L 3 $ L !

5) = (0 , 0, 4, 0) .

(5.2)

Following Table 3, these cohomologies give rise to the GUT spectrum

8102 , 4105 , 452,4 , 35H
2,5 , 854,5 , 35H

2,5 , 1212,1 , 1215,1 , 2012,3 , 1212,4 , 415,3 . (5.3)

At the GUT level the only superpotential terms allowed by the gauge symmetry are

W = ! IJK 5(I )
2,510(J )

2 10(K )
5 + " IJK 1(I )

2,45(J )
4,5 5(K )

2,5 , (5.4)

where the indicesI, J, K . . . run over various ranges, as indicated by the multiplicities in the spectrum (5.3)
and ! IJK and " IJK are the couplings we would like to calculate.

Evidently, the above GUT model has 12 families of quarks and leptons, three vector-like5H Ð5H

pairs, which can account for the Higgs multiplets, and a spectrum of bundle moduli singlets. This is a
promising upstairs spectrum which may lead to a downstairs standard model upon dividing by a freely-
acting symmetry of order four. This can indeed be accomplished using theZ2 ! Z2 symmetry with
generators (3.36), a choice of Wilson line speciÞed by#2 = (0 , 1) and #3 = (0 , 0) and a trivial equivariant
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and ! IJK and " IJK are the couplings we would like to calculate.
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-> standard model after           quotient Z2 ! Z2

If we group the quarks into triplets ( Qi ) = ( Q1
5, Q2

5, Q2) and (ui ) = ( u1
5, u2

5, u2) with Yukawa term ! (u)
ij

øHQ i uj

then the Yukawa couplings (relative to our chosen basis of polynomials in Eqs. (147)Ð(151)) are given by

! (u) =
" 3

3

!

"
0 0 0
0 0 1
0 1 0

#

$ . (155)

9.3 Example 3: Singlet Yukawa couplings in the B ! L standard model

The SU(5) model discussed in the previous sub-section has another, singlet Yukawa coupling of the upstairs
form

12,4 ø54,5 52,5 . (156)

The line bundles are given by

K 1 = L 2 " L !
4 = OX (! 2, ! 4, 3, 3) # 1212,4 $ #" 1 Ker

%
H 2(OA (! 4, ! 6, 1, 1)

p
# H 2(OA (! 2, ! 4, 3, 3)

&

K 2 = L 4 " L 5 = OX (2, 2, ! 1, ! 3) # 8 ø54,5 $ #" 1 H 2(OA (0, 0, ! 3, ! 5) (157)

K 3 = L !
2 " L !

5 = OX (0, 2, ! 2, 0) # 352,5 $ H 1(OA (0, 2, ! 2, 0))

with associated di! erential forms

ö$1 = %" 4
1 %" 6

2 Q(" 4," 6,1,1)døz1 %døz2 where ÷p ÷Q = 0 (158)

ö$2 = %" 3
3 %" 5

4 R(0,0," 3," 5)døz3 %døz4 (159)

ö&3 = %" 2
3 S(0,2," 2,0)døz3 . (160)

There are two additional complications, compared to the previous examples, evident from this list of forms. First
of all, the singlet space is deÞned as a kernel between spaces with dimensions dimH 2(OA (! 4, ! 6, 1, 1)) = 60
and dim H 2(OA (! 2, ! 4, 3, 3)) = 48 which are quite large. Secondly, two of the three forms are deÞned in terms
of a co-boundary map.

In order to deal with the second of these complications, I would like to compute the one-form ö&2 which
corresponds to ö$2. To this end, I write

R(0,0," 3," 5) = r0 + r1øz3 , p = p0 + p1z3 + p2z2
3 (161)

and, using the result from Eq. (81),

R = !
1
2

(p1r0 + p2r1) + p0r0øz3 +
1
2

p0r1øz2 !
1
2

p2r0z3 ! p2r1|z3|2 +
1
2

(p0r0 + p1r1)øz3|z3|2 (162)

I Þnd
ö&2 = %" 2

3 %" 5
4 Rdøz4 # ø' ö&2 = pö$2 . (163)

Using this result in the basic formula (106) for the Yukawa couplings I Þnd

! (&1, &2, &3) = !
1
"

'

C4

QRS
%4

1%6
2%4

3%5
4
d4z d4øz . (164)
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If we group the quarks into triplets (Qi) = (Q1
5, Q

2
5, Q2) and (ui) = (u15, u

2
5, u2) with Yukawa term �(u)

ij H̄Qiuj

then the Yukawa couplings (relative to our chosen basis of polynomials in Eqs. (147)–(151)) are given by

�(u) =
⇡3

3

0

@
0 0 0
0 0 1
0 1 0

1

A . (155)

9.3 Example 3: Singlet Yukawa couplings in the B � L standard model

The SU(5) model discussed in the previous sub-section has another, singlet Yukawa coupling of the upstairs
form

12,4 5̄4,5 52,5 . (156)

The line bundles are given by

K1 = L2 ⌦ L⇤
4 = OX(�2,�4, 3, 3) ! 1212,4 2 ��1Ker

⇣
H2(OA(�4,�6, 1, 1)

p! H2(OA(�2,�4, 3, 3)
⌘

K2 = L4 ⌦ L5 = OX(2, 2,�1,�3) ! 8 5̄4,5 2 ��1H2(OA(0, 0,�3,�5) (157)

K3 = L⇤
2 ⌦ L⇤

5 = OX(0, 2,�2, 0) ! 352,5 2 H1(OA(0, 2,�2, 0))

with associated di↵erential forms

!̂1 = �4
1 �6

2 Q(�4,�6,1,1)dz̄1 ^ dz̄2 where p̃Q̃ = 0 (158)

!̂2 = �3
3 �5

4 R(0,0,�3,�5)dz̄3 ^ dz̄4 (159)

⌫̂3 = �2
3 S(0,2,�2,0)dz̄3 . (160)

There are two additional complications, compared to the previous examples, evident from this list of forms. First
of all, the singlet space is defined as a kernel between spaces with dimensions dimH2(OA(�4,�6, 1, 1)) = 60
and dimH2(OA(�2,�4, 3, 3)) = 48 which are quite large. Secondly, two of the three forms are defined in terms
of a co-boundary map.

In order to deal with the second of these complications, I would like to compute the one-form ⌫̂2 which
corresponds to !̂2. To this end, I write

R(0,0,�3,�5) = r0 + r1z̄3 , p = p0 + p1z3 + p2z
2
3 (161)

and, using the result from Eq. (81),

R = �1

2
(p1r0 + p2r1) + p0r0z̄3 +

1

2
p0r1z̄

2 � 1

2
p2r0z3 � p2r1|z3|2 + 1

2
(p0r0 + p1r1)z̄3|z3|2 (162)

I find
⌫̂2 = �2

3 �5
4 Rdz̄4 ! @̄⌫̂2 = p!̂2 . (163)

Using this result in the basic formula (106) for the Yukawa couplings I find

�(⌫1, ⌫2, ⌫3) = � 1

⇡

Z

C4

QRS

41
6
2

4
3

5
4

d4z d4z̄ . (164)
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• forms: 



Example 3: singlet-Yukawa couplings in SU(5) model on tetra-quadric

• bundle: 

where µ(P,Q,R) is defined by Eq. (111). Then we write down the homogeneous versions of the polynomials

P̃ = p0x3,0 + p1x3,1 , Q̃ = q0x4,0 + q1x4,1 , R̃ = r0x̄3,0x̄4,0 + r1x̄4,0x̄3,1 + r2x̄3,0x̄4,1 + r3x̄3,1x̄4,1 . (120)

and work out

µ(P,Q,R) =
�
p0@̄3,0 + p1@̄3,1

� �
q0@̄4,0 + q1@̄4,1

�
(r0x̄3,0x̄4,0 + r1x̄4,0x̄3,1 + r2x̄3,0x̄4,1 + r3x̄3,1x̄4,1) (121)

= p0q0r0 + p0q1r2 + p1q0r1 + p1q1r3 (122)

which indeed coincides with the result from the integral calculation (118).

9.2 Example 2: The B � L standard model

This is an SU(5) model based on the five line bundles

L1 = OX(�1, 0, 0, 1) , L2 = OX(�1,�3, 2, 2) , L3 = OX(0, 1,�1, 0)

L4 = OX(1, 1,�1,�1) , L5 = OX(1, 1, 0,�2) (123)

which was analysed in Ref. [11]. Upon taking an appropriate quotient with a Z2 ⇥ Z2 symmetry of the tetra-
quadric, this model gives rise to a standard model. Its non-Abelian structure away from the line bundle locus
can also be studied to some extent.

I would like to consider Yukawa couplings for this model, for now computed in the SU(5) GUT theory. The
relevant line bundles, which give rise to multiplets which can form SU(5)⇥S(U(1)5) invariant Yukawa couplings
are

K1 = L⇤
2 ⌦ L⇤

5 3 5

H
2,5 ⌫̂1 = �2

3 Q(0,2,�2,0)dz̄3
K2 = L5 4 102 ⌫̂2 = �2

4 R(1,1,0,�2)dz̄4
K3 = L2 8 105 !̂ = �3

1 �5
2 S(�3,�5,0,0)dz̄1 ^ dz̄2 .

(124)

The three types of polynomials involved can be explicitly written as

Q = q0 + q1z2 + q2z
2
2 (125)

R = r0 + r1z1 + r2z2 + r3z1z2 (126)

S = s0 + s1z̄2 + s2z̄
2
2 + s3z̄

3
2 + s4z̄1 + s5z̄1z̄2 + s6z̄1z̄

2
2 + s7z̄1z̄

3
2 . (127)

Note that they carry 3, 4 and 8 degrees of freedom, respectively, as required to describe the correct number of
multiplets.

For the explicit calculation, we have

�(Q,R, S) =
1

⇡

Z

C4

QRS

31
5
2

2
3

2
4

d4z d4z̄ . (128)

Multiplying the polynomials and discarding “non-matching” terms gives

QRS = q0r0s0 + q0r1s4|z1|2 + q0r2s1|z2|2 + q0r3s5|z1|2|z2|2 + q1r0s1|z2|2 + (129)

q1r1s5|z1|2|z2|2 + q1r2s2|z2|4 + q1r3s6|z1|2|z2|4 + q2r0s2|z2|2 + q2r1s6|z1|2|z2|4 + (130)

q2r2s3|z2|6 + q2r3s7|z2|6 + non-matching terms (131)
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• coupling of interest: 

•  spectrum: 

dependence. We would now like to calculate Yukawa couplings in a quasi-realistic model on the tetra-
quadric, that is, a model with gauge groupSU(3) ! SU(2) ! U(1) (plus additional U(1) symmetries which
are Green-Schwarz anomalous or can be spontaneously broken) and the exact MSSM spectrum (plus
moduli Þelds uncharged under the standard model group, including bundle moduli singlets). This model
appears in the standard model data base [15, 16] and has been further analysed in Refs. [31, 32, 33, 34].
We begin by reviewing the basic structure of this model and then calculate the two types of non-vanishing
Yukawa couplings which arise, that is, the standard up-quark Yukawa couplings and the singlet Yukawa
couplings of the form SLH , with bundle moduli singlets S.

5.1 The model

The upstairs model is based on a rank Þve line bundle sum,V =
! 5

a=1 L a, on the tetra-quadric, with the
Þve line bundles explicitly given by

L 1 = OX (" 1, 0, 0, 1) , L 2 = OX (" 1, " 3, 2, 2) , L 3 = OX (0, 1, " 1, 0)
L 4 = OX (1, 1, " 1, " 1) , L 5 = OX (1, 1, 0, " 2) .

(5.1)

Hence, the low-energy GUT group isSU(5) ! S(U(1)5). The non-zero cohomologies of line bundles
appearing in V , #2V and V $ V ! are

h
¥
(X, L 2) = (0 , 8, 0, 0) , h

¥
(X, L 5) = (0 , 4, 0, 0)

h
¥
(X, L 2 $ L 4) = (0 , 4, 0, 0) , h

¥
(X, L 2 $ L 5) = (0 , 3, 3, 0)

h
¥
(X, L 4 $ L 5) = (0 , 8, 0, 0) , h

¥
(X, L 1 $ L !

2) = (0 , 0, 12, 0)

h
¥
(X, L 1 $ L !

5) = (0 , 0, 12, 0) , h
¥
(X, L 2 $ L !

3) = (0 , 20, 0, 0)

h
¥
(X, L 2 $ L !

4) = (0 , 12, 0, 0) , h
¥
(X, L 3 $ L !

5) = (0 , 0, 4, 0) .

(5.2)

Following Table 3, these cohomologies give rise to the GUT spectrum

8102 , 4105 , 452,4 , 35H
2,5 , 854,5 , 35H

2,5 , 1212,1 , 1215,1 , 2012,3 , 1212,4 , 415,3 . (5.3)

At the GUT level the only superpotential terms allowed by the gauge symmetry are

W = ! IJK 5(I )
2,510(J )

2 10(K )
5 + " IJK 1(I )

2,45(J )
4,5 5(K )

2,5 , (5.4)

where the indicesI, J, K . . . run over various ranges, as indicated by the multiplicities in the spectrum (5.3)
and ! IJK and " IJK are the couplings we would like to calculate.

Evidently, the above GUT model has 12 families of quarks and leptons, three vector-like5H Ð5H

pairs, which can account for the Higgs multiplets, and a spectrum of bundle moduli singlets. This is a
promising upstairs spectrum which may lead to a downstairs standard model upon dividing by a freely-
acting symmetry of order four. This can indeed be accomplished using theZ2 ! Z2 symmetry with
generators (3.36), a choice of Wilson line speciÞed by#2 = (0 , 1) and #3 = (0 , 0) and a trivial equivariant
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-> standard model after           quotient Z2 ! Z2

type 2
type 1

If we group the quarks into triplets ( Qi ) = ( Q1
5, Q2

5, Q2) and (ui ) = ( u1
5, u2

5, u2) with Yukawa term ! (u)
ij

øHQ i uj

then the Yukawa couplings (relative to our chosen basis of polynomials in Eqs. (147)Ð(151)) are given by

! (u) =
" 3

3

!

"
0 0 0
0 0 1
0 1 0

#

$ . (155)

9.3 Example 3: Singlet Yukawa couplings in the B ! L standard model

The SU(5) model discussed in the previous sub-section has another, singlet Yukawa coupling of the upstairs
form

12,4 ø54,5 52,5 . (156)

The line bundles are given by

K 1 = L 2 " L !
4 = OX (! 2, ! 4, 3, 3) # 1212,4 $ #" 1 Ker

%
H 2(OA (! 4, ! 6, 1, 1)

p
# H 2(OA (! 2, ! 4, 3, 3)

&

K 2 = L 4 " L 5 = OX (2, 2, ! 1, ! 3) # 8 ø54,5 $ #" 1 H 2(OA (0, 0, ! 3, ! 5) (157)

K 3 = L !
2 " L !

5 = OX (0, 2, ! 2, 0) # 352,5 $ H 1(OA (0, 2, ! 2, 0))

with associated di! erential forms

ö$1 = %" 4
1 %" 6

2 Q(" 4," 6,1,1)døz1 %døz2 where ÷p ÷Q = 0 (158)

ö$2 = %" 3
3 %" 5

4 R(0,0," 3," 5)døz3 %døz4 (159)

ö&3 = %" 2
3 S(0,2," 2,0)døz3 . (160)

There are two additional complications, compared to the previous examples, evident from this list of forms. First
of all, the singlet space is deÞned as a kernel between spaces with dimensions dimH 2(OA (! 4, ! 6, 1, 1)) = 60
and dim H 2(OA (! 2, ! 4, 3, 3)) = 48 which are quite large. Secondly, two of the three forms are deÞned in terms
of a co-boundary map.

In order to deal with the second of these complications, I would like to compute the one-form ö&2 which
corresponds to ö$2. To this end, I write

R(0,0," 3," 5) = r0 + r1øz3 , p = p0 + p1z3 + p2z2
3 (161)

and, using the result from Eq. (81),

R = !
1
2

(p1r0 + p2r1) + p0r0øz3 +
1
2

p0r1øz2 !
1
2

p2r0z3 ! p2r1|z3|2 +
1
2

(p0r0 + p1r1)øz3|z3|2 (162)

I Þnd
ö&2 = %" 2

3 %" 5
4 Rdøz4 # ø' ö&2 = pö$2 . (163)

Using this result in the basic formula (106) for the Yukawa couplings I Þnd
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1
"

'

C4

QRS
%4

1%6
2%4

3%5
4
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If we group the quarks into triplets (Qi) = (Q1
5, Q

2
5, Q2) and (ui) = (u15, u

2
5, u2) with Yukawa term �(u)

ij H̄Qiuj

then the Yukawa couplings (relative to our chosen basis of polynomials in Eqs. (147)–(151)) are given by

�(u) =
⇡3

3

0

@
0 0 0
0 0 1
0 1 0

1
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p! H2(OA(�2,�4, 3, 3)
⌘
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!̂1 = �4
1 �6

2 Q(�4,�6,1,1)dz̄1 ^ dz̄2 where p̃Q̃ = 0 (158)
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3 �5
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3 (161)
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R = �1

2
(p1r0 + p2r1) + p0r0z̄3 +

1

2
p0r1z̄

2 � 1

2
p2r0z3 � p2r1|z3|2 + 1

2
(p0r0 + p1r1)z̄3|z3|2 (162)

I find
⌫̂2 = �2

3 �5
4 Rdz̄4 ! @̄⌫̂2 = p!̂2 . (163)

Using this result in the basic formula (106) for the Yukawa couplings I find

�(⌫1, ⌫2, ⌫3) = � 1

⇡
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QRS
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• forms: 
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• downstairs Yukawa coupling:

This matrix has generic rank 12 and, hence, a three-dimensional kernel, spanned by vectorv i , where i = 1 , 2, 3
and we can write

a =
3X

i=1

! i v i , (170)

with the three coe! cients ! i describing the three singletsSi . Unfortunately, even for our 5-parameter family
the v i consist of very complicated functions of the complex structure moduli. Matters simplify somewhat if I
restrict to the 4-parameter sub-family wherec2 = 0 which I will do from hereon. In this case, I Þnd for the basis
of the kernel

v1 =
�
0, 0, ! c1

�
c23 + c5c3 ! 2c26

�
! c4

�
! c23 + (3 c4 ! 2c6) c3 + c5 (c5 + 2c6) + c4 (c5 + 4c6)

�
,

c4c23 +
�
c24 + 2c6c4 + c1c5

�
c3 ! c4c5 (c5 + 2c6) + c24 (3c5 + 4c6) + c1

�
c25 ! 2c26

�
, 0, 0,

! (c3 ! c5)
�
c24 + c3c4 + ( c5 + 2c6) c4 ! c1c6

�
, ! (c3 ! c5)

�
c24 + c3c4 + ( c5 + 2c6) c4 ! c1c6

�
,

0, 0, 0, 0, 0, 0, 3 (c3 ! c5) (c3 + c4 + c5 ! 2c6) (c3 + c5 + 2c6)) (171)

v2 = (0 , 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 3 (c3 ! c5) (c3 + c4 + c5 ! 2c6) (c3 + c5 + 2c6) , 0, 0, 0) (172)

v3 = (0 , 0, 0, 0, 0, 0, 0, 0, 0, 0, 3 (c3 ! c5) (c3 + c4 + c5 ! 2c6) (c3 + c5 + 2c6) , 0, 0, 0, 0) (173)

Inserting these vectors into Eq. (170) and then into the general form (169) of the Yukawa couplings leads to

" (! , b) =
#3

180
! 1b1 (c3 ! c5)

�
4c24 + c1 (c3 + c5 ! 2c6)

�
(c3 + c5 + 2c6) (174)

For the Yukawa matrix in " ij Si L j øH this means

" =
#3

180

0

@
0 (c3 ! c5)

�
4c24 + c1 (c3 + c5 ! 2c6)

�
(c3 + c5 + 2c6)

0 0
0 0

1

A (175)

Evidently, this matrix has generic rank one, so one less than maximal, but we have to remember that we are
already on a fairly special four-dimensional sub-locus of moduli space. It is likely (although I have not shown
this) that the rank goes up to two away from the special locus. When the Þrst singlet Þeld,S1, acquires a VEV,
a non-zeroL 2 øH term develops, the pair of Higgs multiplets becomes massive and is e" ectively removed from the
low-energy spectrum. This is precisely what we should expect from the results of our earlier calculations when
we computed cohomology in the non-Abelian part of the moduli space. However, we do gain one more piece of
insight here. At special loci in the complex structure moduli space, for example on the three-dimensional locus
for which c3 = c5, the singlet Yukawa couplings vanish entirely and aµ-term does not develop even for non-zero
VEVs of the singlets Si .

9.4 Example 4: a toy model with complex structure dependence

A choice of line bundles for this case is

K 1 = OX (0, ! 2, 1, 1) 4 ø5 " H ö$1 = %! 2
2 Q(0,! 2,1,1)døz2 H 1(A , K1)

K 2 = OX (! 4, 0, 1, 1) 12 ø5 " d ö$2 = %! 4
1 R(! 4,0,1,1)døz1 H 1(A , K2)

K 3 = OX (4, 2, ! 2, ! 2) 12 10 " Q ö$3 = %! 2
3 %! 2

4 R(4,2,! 2,! 2)døz3 # døz4
Ker(H 2(A , N " $ K3) " H 2(A , K3))

(176)
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This matrix has generic rank 12 and, hence, a three-dimensional kernel, spanned by vector vi, where i = 1, 2, 3
and we can write
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3X
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↵ivi , (170)

with the three coe�cients ↵i describing the three singlets Si. Unfortunately, even for our 5-parameter family
the vi consist of very complicated functions of the complex structure moduli. Matters simplify somewhat if I
restrict to the 4-parameter sub-family where c2 = 0 which I will do from hereon. In this case, I find for the basis
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� =
⇡3

180

0

@
0 (c3 � c5)

�
4c24 + c1 (c3 + c5 � 2c6)

�
(c3 + c5 + 2c6)

0 0
0 0

1

A (175)

Evidently, this matrix has generic rank one, so one less than maximal, but we have to remember that we are
already on a fairly special four-dimensional sub-locus of moduli space. It is likely (although I have not shown
this) that the rank goes up to two away from the special locus. When the first singlet field, S1, acquires a VEV,
a non-zero L2H̄ term develops, the pair of Higgs multiplets becomes massive and is e↵ectively removed from the
low-energy spectrum. This is precisely what we should expect from the results of our earlier calculations when
we computed cohomology in the non-Abelian part of the moduli space. However, we do gain one more piece of
insight here. At special loci in the complex structure moduli space, for example on the three-dimensional locus
for which c3 = c5, the singlet Yukawa couplings vanish entirely and a µ-term does not develop even for non-zero
VEVs of the singlets Si.

9.4 Example 4: a toy model with complex structure dependence

A choice of line bundles for this case is

K1 = OX(0,�2, 1, 1) 4 5̄ ! H ⌫̂1 = �2
2 Q(0,�2,1,1)dz̄2 H1(A,K1)

K2 = OX(�4, 0, 1, 1) 12 5̄ ! d ⌫̂2 = �4
1 R(�4,0,1,1)dz̄1 H1(A,K2)

K3 = OX(4, 2,�2,�2) 12 10 ! Q ⌫̂3 = �2
3 �2

4 R(4,2,�2,�2)dz̄3 ^ dz̄4
Ker(H2(A,N ⇤ ⌦K3) ! H2(A,K3))

(176)
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If we group the quarks into triplets (Qi) = (Q1
5, Q

2
5, Q2) and (ui) = (u15, u

2
5, u2) with Yukawa term �(u)

ij H̄Qiuj

then the Yukawa couplings (relative to our chosen basis of polynomials in Eqs. (147)–(151)) are given by

�(u) =
⇡3

3

0

@
0 0 0
0 0 1
0 1 0

1

A . (155)

9.3 Example 3: Singlet Yukawa couplings in the B � L standard model

The SU(5) model discussed in the previous sub-section has another, singlet Yukawa coupling of the upstairs
form

12,4 5̄4,5 52,5 . (156)

The line bundles are given by

K1 = L2 ⌦ L⇤
4 = OX(�2,�4, 3, 3) ! 1212,4 2 ��1Ker

⇣
H2(OA(�4,�6, 1, 1)

p! H2(OA(�2,�4, 3, 3)
⌘

K2 = L4 ⌦ L5 = OX(2, 2,�1,�3) ! 8 5̄4,5 2 ��1H2(OA(0, 0,�3,�5) (157)

K3 = L⇤
2 ⌦ L⇤

5 = OX(0, 2,�2, 0) ! 352,5 2 H1(OA(0, 2,�2, 0))

with associated di↵erential forms

!̂1 = �4
1 �6

2 Q(�4,�6,1,1)dz̄1 ^ dz̄2 where p̃Q̃ = 0 (158)

!̂2 = �3
3 �5

4 R(0,0,�3,�5)dz̄3 ^ dz̄4 (159)

⌫̂3 = �2
3 S(0,2,�2,0)dz̄3 . (160)

There are two additional complications, compared to the previous examples, evident from this list of forms. First
of all, the singlet space is defined as a kernel between spaces with dimensions dimH2(OA(�4,�6, 1, 1)) = 60
and dimH2(OA(�2,�4, 3, 3)) = 48 which are quite large. Secondly, two of the three forms are defined in terms
of a co-boundary map.

In order to deal with the second of these complications, I would like to compute the one-form ⌫̂2 which
corresponds to !̂2. To this end, I write

R(0,0,�3,�5) = r0 + r1z̄3 , p = p0 + p1z3 + p2z
2
3 (161)

and, using the result from Eq. (81),

R = �1

2
(p1r0 + p2r1) + p0r0z̄3 +

1

2
p0r1z̄

2 � 1

2
p2r0z3 � p2r1|z3|2 + 1

2
(p0r0 + p1r1)z̄3|z3|2 (162)

I find
⌫̂2 = �2

3 �5
4 Rdz̄4 ! @̄⌫̂2 = p!̂2 . (163)

Using this result in the basic formula (106) for the Yukawa couplings I find

�(⌫1, ⌫2, ⌫3) = � 1

⇡

Z

C4

QRS

41
6
2

4
3

5
4

d4z d4z̄ . (164)
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• downstairs Yukawa coupling:

This matrix has generic rank 12 and, hence, a three-dimensional kernel, spanned by vectorv i , where i = 1 , 2, 3
and we can write

a =
3X

i=1

! i v i , (170)

with the three coe! cients ! i describing the three singletsSi . Unfortunately, even for our 5-parameter family
the v i consist of very complicated functions of the complex structure moduli. Matters simplify somewhat if I
restrict to the 4-parameter sub-family wherec2 = 0 which I will do from hereon. In this case, I Þnd for the basis
of the kernel

v1 =
�
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�
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�
! c4

�
! c23 + (3 c4 ! 2c6) c3 + c5 (c5 + 2c6) + c4 (c5 + 4c6)

�
,

c4c23 +
�
c24 + 2c6c4 + c1c5

�
c3 ! c4c5 (c5 + 2c6) + c24 (3c5 + 4c6) + c1

�
c25 ! 2c26

�
, 0, 0,

! (c3 ! c5)
�
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�
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�
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�
,
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Inserting these vectors into Eq. (170) and then into the general form (169) of the Yukawa couplings leads to
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Evidently, this matrix has generic rank one, so one less than maximal, but we have to remember that we are
already on a fairly special four-dimensional sub-locus of moduli space. It is likely (although I have not shown
this) that the rank goes up to two away from the special locus. When the Þrst singlet Þeld,S1, acquires a VEV,
a non-zeroL 2 øH term develops, the pair of Higgs multiplets becomes massive and is e" ectively removed from the
low-energy spectrum. This is precisely what we should expect from the results of our earlier calculations when
we computed cohomology in the non-Abelian part of the moduli space. However, we do gain one more piece of
insight here. At special loci in the complex structure moduli space, for example on the three-dimensional locus
for which c3 = c5, the singlet Yukawa couplings vanish entirely and aµ-term does not develop even for non-zero
VEVs of the singlets Si .

9.4 Example 4: a toy model with complex structure dependence

A choice of line bundles for this case is

K 1 = OX (0, ! 2, 1, 1) 4 ø5 " H ö$1 = %! 2
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K 3 = OX (4, 2, ! 2, ! 2) 12 10 " Q ö$3 = %! 2
3 %! 2

4 R(4,2,! 2,! 2)døz3 # døz4
Ker(H 2(A , N " $ K3) " H 2(A , K3))

(176)
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Evidently, this matrix has generic rank one, so one less than maximal, but we have to remember that we are
already on a fairly special four-dimensional sub-locus of moduli space. It is likely (although I have not shown
this) that the rank goes up to two away from the special locus. When the first singlet field, S1, acquires a VEV,
a non-zero L2H̄ term develops, the pair of Higgs multiplets becomes massive and is e↵ectively removed from the
low-energy spectrum. This is precisely what we should expect from the results of our earlier calculations when
we computed cohomology in the non-Abelian part of the moduli space. However, we do gain one more piece of
insight here. At special loci in the complex structure moduli space, for example on the three-dimensional locus
for which c3 = c5, the singlet Yukawa couplings vanish entirely and a µ-term does not develop even for non-zero
VEVs of the singlets Si.
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This is generically rank 1, but will be generally rank 2 away 
from the 5-parameter family. For          the Higgs remains

massless even if           . 

c3 = c5

!Si " #= 0
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Consider, for example,         GUT with          and down-Yukawa:  SU(5) ! = Z2

Wilson line described by   -representations    ,     satisfying
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This holds for any symmetry   and all types of Yukawa couplings. !
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by the GUT symmetry) never arises.



In heterotic GUT models with Wilson line breaking
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Q: Can Yukawa unification arise from additional symmetries

    of the upstairs theory, e.g. from   and additional U(1)’s? !



A unification scenario for an SU(5) line bundle model

for ! = Q, e and similarly for Rø5 and ! = d, L. Then, contracting the Þrst relation (4.3), which reßects
the öJ -invariance of the upstairs Yukawa couplings, with the appropriate c vectors, using the previous
identities and the deÞnitions (3.24) of the downstairs Yukawa couplings we Þnd

R(L ) (g)l
i
R(L ) (g)m

j
R(e) (g)n

k
Y (e)

lmn = Y (e)
ijk , R(L ) (g)l

i
R(d) (g)m

j
R(Q)(g)n

k
Y (d)

lmn = Y (d)
ijk , (4.9)

These relations are valid for allg ! J (but not necessarily for all g ! öJ ) and they express the implication of
J -invariance on the downstairs Yukawa couplings. As is evident, these relations simply reßectJ -invariance
of the downstairs theory and, while this may lead to constraints on the couplings inY (e) and Y (d) , it does
not lead to uniÞcation-type relations betweenY (e) and Y (d) .

We conclude that the sub-groupJ " öJ which commutes with ! cannot cause Yukawa uniÞcation. In
particular, if J = öJ , that is, if öJ and ! commute, then neither of these symmetries can lead to uniÞcation.
On the other hand, if öJ and ! do not entirely commute so that J is a proper sub-group of öJ the non-
commuting part öJ \ J of the symmetry may have some e" ect on Yukawa uniÞcation. This statement
provides us with useful guidance for model building: We should aim to construct models where öJ and
! do not commute. In the remainder of this section, we will consider model-building scenarios with this
feature and show that they can indeed lead to Yukawa uniÞcation.

4.2 A uniÞcation scenario for ! = Z2

This scenario is within the context of heterotic line bundle models which are deÞned by a line bundle sum

V =
5!

a=1

L a , (4.10)

with c1(V ) = 0. For suitably generic line bundles L a the upstairs gauge symmetry of such models is
SUGUT (5) # öJ , where öJ = S(U(1)5) $= U(1)4. Explicitly, we write öJ as

öJ =

"

g(! ) = ( ei ! 1 , . . . , ei ! 5 ) |
5#

a=1

" a = 0

$

. (4.11)

For such models, the variousSUGUT (5) multiplets in the low-energy theory acquire a characteristic pat-
tern of S(U(1)5) charges. SpeciÞcally, the10 multiplets carry charge 1 under precisely one of theU(1)
symmetries and such a multiplets is denoted by10a, wherea = 1 , . . . , 5, if it is charged under theath U(1)
symmetry. The ø5 multiplets carry charge 1 under precisely twoU(1) symmetries and are correspondingly
denoted by ø5a,b, where a, b= 1 , . . . , 5 and a %= b.

Our example is for the discrete group! = Z2 = { 1, &1} and has the postulated GUT spectrum

V10 = Span(104, 105) , Vø5 = Span(ø5H
1,2, ø53,4, ø53,5) . (4.12)

(Here, we have identiÞed the low-energy multiplets with theunderlying bundle valued (0, 1)-forms which
are the actual elements of the above cohomologies.) This means that the öJ representations are given by

R10(! ) = diag
%
ei e4á! , ei e5á! &

(4.13)

Rø5(! ) = diag
'

ei (e1 + e2)á! , ei (e3 + e4)á! , ei (e3 + e5)á!
(

, (4.14)
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A unification scenario for an SU(5) line bundle model
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tern of S(U(1)5) charges. SpeciÞcally, the10 multiplets carry charge 1 under precisely one of theU(1)
symmetries and such a multiplets is denoted by10a, wherea = 1 , . . . , 5, if it is charged under theath U(1)
symmetry. The ø5 multiplets carry charge 1 under precisely twoU(1) symmetries and are correspondingly
denoted by ø5a,b, where a, b= 1 , . . . , 5 and a %= b.

Our example is for the discrete group! = Z2 = { 1, &1} and has the postulated GUT spectrum

V10 = Span(104, 105) , Vø5 = Span(ø5H
1,2, ø53,4, ø53,5) . (4.12)

(Here, we have identiÞed the low-energy multiplets with theunderlying bundle valued (0, 1)-forms which
are the actual elements of the above cohomologies.) This means that the öJ representations are given by

R10(! ) = diag
%
ei e4á! , ei e5á! &

(4.13)

Rø5(! ) = diag
'

ei (e1 + e2)á! , ei (e3 + e4)á! , ei (e3 + e5)á!
(

, (4.14)

11

• bundle: 

SU(5) ! öJ, öJ = S(U(1)5) ! = Z2• upstairs symmetry: 



A unification scenario for an SU(5) line bundle model

•  Assumed spectrum: 

for ! = Q, e and similarly for Rø5 and ! = d, L. Then, contracting the Þrst relation (4.3), which reßects
the öJ -invariance of the upstairs Yukawa couplings, with the appropriate c vectors, using the previous
identities and the deÞnitions (3.24) of the downstairs Yukawa couplings we Þnd

R(L ) (g)l
i
R(L ) (g)m

j
R(e) (g)n

k
Y (e)

lmn = Y (e)
ijk , R(L ) (g)l

i
R(d) (g)m

j
R(Q)(g)n

k
Y (d)

lmn = Y (d)
ijk , (4.9)

These relations are valid for allg ! J (but not necessarily for all g ! öJ ) and they express the implication of
J -invariance on the downstairs Yukawa couplings. As is evident, these relations simply reßectJ -invariance
of the downstairs theory and, while this may lead to constraints on the couplings inY (e) and Y (d) , it does
not lead to uniÞcation-type relations betweenY (e) and Y (d) .

We conclude that the sub-groupJ " öJ which commutes with ! cannot cause Yukawa uniÞcation. In
particular, if J = öJ , that is, if öJ and ! commute, then neither of these symmetries can lead to uniÞcation.
On the other hand, if öJ and ! do not entirely commute so that J is a proper sub-group of öJ the non-
commuting part öJ \ J of the symmetry may have some e" ect on Yukawa uniÞcation. This statement
provides us with useful guidance for model building: We should aim to construct models where öJ and
! do not commute. In the remainder of this section, we will consider model-building scenarios with this
feature and show that they can indeed lead to Yukawa uniÞcation.

4.2 A uniÞcation scenario for ! = Z2

This scenario is within the context of heterotic line bundle models which are deÞned by a line bundle sum

V =
5!

a=1

L a , (4.10)

with c1(V ) = 0. For suitably generic line bundles L a the upstairs gauge symmetry of such models is
SUGUT (5) # öJ , where öJ = S(U(1)5) $= U(1)4. Explicitly, we write öJ as

öJ =

"

g(! ) = ( ei ! 1 , . . . , ei ! 5 ) |
5#

a=1

" a = 0

$

. (4.11)

For such models, the variousSUGUT (5) multiplets in the low-energy theory acquire a characteristic pat-
tern of S(U(1)5) charges. SpeciÞcally, the10 multiplets carry charge 1 under precisely one of theU(1)
symmetries and such a multiplets is denoted by10a, wherea = 1 , . . . , 5, if it is charged under theath U(1)
symmetry. The ø5 multiplets carry charge 1 under precisely twoU(1) symmetries and are correspondingly
denoted by ø5a,b, where a, b= 1 , . . . , 5 and a %= b.

Our example is for the discrete group! = Z2 = { 1, &1} and has the postulated GUT spectrum

V10 = Span(104, 105) , Vø5 = Span(ø5H
1,2, ø53,4, ø53,5) . (4.12)

(Here, we have identiÞed the low-energy multiplets with theunderlying bundle valued (0, 1)-forms which
are the actual elements of the above cohomologies.) This means that the öJ representations are given by

R10(! ) = diag
%
ei e4á! , ei e5á! &

(4.13)

Rø5(! ) = diag
'

ei (e1 + e2)á! , ei (e3 + e4)á! , ei (e3 + e5)á!
(

, (4.14)

11

•   -representations:öJ

for ! = Q, e and similarly for Rø5 and ! = d, L. Then, contracting the Þrst relation (4.3), which reßects
the öJ -invariance of the upstairs Yukawa couplings, with the appropriate c vectors, using the previous
identities and the deÞnitions (3.24) of the downstairs Yukawa couplings we Þnd

R(L ) (g)l
i
R(L ) (g)m

j
R(e) (g)n

k
Y (e)

lmn = Y (e)
ijk , R(L ) (g)l

i
R(d) (g)m

j
R(Q)(g)n

k
Y (d)

lmn = Y (d)
ijk , (4.9)

These relations are valid for allg ! J (but not necessarily for all g ! öJ ) and they express the implication of
J -invariance on the downstairs Yukawa couplings. As is evident, these relations simply reßectJ -invariance
of the downstairs theory and, while this may lead to constraints on the couplings inY (e) and Y (d) , it does
not lead to uniÞcation-type relations betweenY (e) and Y (d) .

We conclude that the sub-groupJ " öJ which commutes with ! cannot cause Yukawa uniÞcation. In
particular, if J = öJ , that is, if öJ and ! commute, then neither of these symmetries can lead to uniÞcation.
On the other hand, if öJ and ! do not entirely commute so that J is a proper sub-group of öJ the non-
commuting part öJ \ J of the symmetry may have some e" ect on Yukawa uniÞcation. This statement
provides us with useful guidance for model building: We should aim to construct models where öJ and
! do not commute. In the remainder of this section, we will consider model-building scenarios with this
feature and show that they can indeed lead to Yukawa uniÞcation.

4.2 A uniÞcation scenario for ! = Z2

This scenario is within the context of heterotic line bundle models which are deÞned by a line bundle sum

V =
5!

a=1

L a , (4.10)

with c1(V ) = 0. For suitably generic line bundles L a the upstairs gauge symmetry of such models is
SUGUT (5) # öJ , where öJ = S(U(1)5) $= U(1)4. Explicitly, we write öJ as

öJ =

"

g(! ) = ( ei ! 1 , . . . , ei ! 5 ) |
5#

a=1

" a = 0

$

. (4.11)

For such models, the variousSUGUT (5) multiplets in the low-energy theory acquire a characteristic pat-
tern of S(U(1)5) charges. SpeciÞcally, the10 multiplets carry charge 1 under precisely one of theU(1)
symmetries and such a multiplets is denoted by10a, wherea = 1 , . . . , 5, if it is charged under theath U(1)
symmetry. The ø5 multiplets carry charge 1 under precisely twoU(1) symmetries and are correspondingly
denoted by ø5a,b, where a, b= 1 , . . . , 5 and a %= b.

Our example is for the discrete group! = Z2 = { 1, &1} and has the postulated GUT spectrum

V10 = Span(104, 105) , Vø5 = Span(ø5H
1,2, ø53,4, ø53,5) . (4.12)

(Here, we have identiÞed the low-energy multiplets with theunderlying bundle valued (0, 1)-forms which
are the actual elements of the above cohomologies.) This means that the öJ representations are given by

R10(! ) = diag
%
ei e4á! , ei e5á! &

(4.13)

Rø5(! ) = diag
'

ei (e1 + e2)á! , ei (e3 + e4)á! , ei (e3 + e5)á!
(

, (4.14)

11

for ! = Q, e and similarly for Rø5 and ! = d, L. Then, contracting the Þrst relation (4.3), which reßects
the öJ -invariance of the upstairs Yukawa couplings, with the appropriate c vectors, using the previous
identities and the deÞnitions (3.24) of the downstairs Yukawa couplings we Þnd

R(L ) (g)l
i
R(L ) (g)m

j
R(e) (g)n

k
Y (e)

lmn = Y (e)
ijk , R(L ) (g)l

i
R(d) (g)m

j
R(Q)(g)n

k
Y (d)

lmn = Y (d)
ijk , (4.9)

These relations are valid for allg ! J (but not necessarily for all g ! öJ ) and they express the implication of
J -invariance on the downstairs Yukawa couplings. As is evident, these relations simply reßectJ -invariance
of the downstairs theory and, while this may lead to constraints on the couplings inY (e) and Y (d) , it does
not lead to uniÞcation-type relations betweenY (e) and Y (d) .

We conclude that the sub-groupJ " öJ which commutes with ! cannot cause Yukawa uniÞcation. In
particular, if J = öJ , that is, if öJ and ! commute, then neither of these symmetries can lead to uniÞcation.
On the other hand, if öJ and ! do not entirely commute so that J is a proper sub-group of öJ the non-
commuting part öJ \ J of the symmetry may have some e" ect on Yukawa uniÞcation. This statement
provides us with useful guidance for model building: We should aim to construct models where öJ and
! do not commute. In the remainder of this section, we will consider model-building scenarios with this
feature and show that they can indeed lead to Yukawa uniÞcation.

4.2 A uniÞcation scenario for ! = Z2

This scenario is within the context of heterotic line bundle models which are deÞned by a line bundle sum

V =
5!

a=1

L a , (4.10)

with c1(V ) = 0. For suitably generic line bundles L a the upstairs gauge symmetry of such models is
SUGUT (5) # öJ , where öJ = S(U(1)5) $= U(1)4. Explicitly, we write öJ as

öJ =

"

g(! ) = ( ei ! 1 , . . . , ei ! 5 ) |
5#

a=1

" a = 0

$

. (4.11)

For such models, the variousSUGUT (5) multiplets in the low-energy theory acquire a characteristic pat-
tern of S(U(1)5) charges. SpeciÞcally, the10 multiplets carry charge 1 under precisely one of theU(1)
symmetries and such a multiplets is denoted by10a, wherea = 1 , . . . , 5, if it is charged under theath U(1)
symmetry. The ø5 multiplets carry charge 1 under precisely twoU(1) symmetries and are correspondingly
denoted by ø5a,b, where a, b= 1 , . . . , 5 and a %= b.

Our example is for the discrete group! = Z2 = { 1, &1} and has the postulated GUT spectrum

V10 = Span(104, 105) , Vø5 = Span(ø5H
1,2, ø53,4, ø53,5) . (4.12)

(Here, we have identiÞed the low-energy multiplets with theunderlying bundle valued (0, 1)-forms which
are the actual elements of the above cohomologies.) This means that the öJ representations are given by

R10(! ) = diag
%
ei e4á! , ei e5á! &

(4.13)

Rø5(! ) = diag
'

ei (e1 + e2)á! , ei (e3 + e4)á! , ei (e3 + e5)á!
(

, (4.14)

11

• bundle: 

SU(5) ! öJ, öJ = S(U(1)5) ! = Z2• upstairs symmetry: 



A unification scenario for an SU(5) line bundle model

•  Assumed spectrum: 

for ! = Q, e and similarly for Rø5 and ! = d, L. Then, contracting the Þrst relation (4.3), which reßects
the öJ -invariance of the upstairs Yukawa couplings, with the appropriate c vectors, using the previous
identities and the deÞnitions (3.24) of the downstairs Yukawa couplings we Þnd

R(L ) (g)l
i
R(L ) (g)m

j
R(e) (g)n

k
Y (e)

lmn = Y (e)
ijk , R(L ) (g)l

i
R(d) (g)m

j
R(Q)(g)n

k
Y (d)

lmn = Y (d)
ijk , (4.9)

These relations are valid for allg ! J (but not necessarily for all g ! öJ ) and they express the implication of
J -invariance on the downstairs Yukawa couplings. As is evident, these relations simply reßectJ -invariance
of the downstairs theory and, while this may lead to constraints on the couplings inY (e) and Y (d) , it does
not lead to uniÞcation-type relations betweenY (e) and Y (d) .

We conclude that the sub-groupJ " öJ which commutes with ! cannot cause Yukawa uniÞcation. In
particular, if J = öJ , that is, if öJ and ! commute, then neither of these symmetries can lead to uniÞcation.
On the other hand, if öJ and ! do not entirely commute so that J is a proper sub-group of öJ the non-
commuting part öJ \ J of the symmetry may have some e" ect on Yukawa uniÞcation. This statement
provides us with useful guidance for model building: We should aim to construct models where öJ and
! do not commute. In the remainder of this section, we will consider model-building scenarios with this
feature and show that they can indeed lead to Yukawa uniÞcation.

4.2 A uniÞcation scenario for ! = Z2

This scenario is within the context of heterotic line bundle models which are deÞned by a line bundle sum

V =
5!

a=1

L a , (4.10)

with c1(V ) = 0. For suitably generic line bundles L a the upstairs gauge symmetry of such models is
SUGUT (5) # öJ , where öJ = S(U(1)5) $= U(1)4. Explicitly, we write öJ as

öJ =

"

g(! ) = ( ei ! 1 , . . . , ei ! 5 ) |
5#

a=1

" a = 0

$

. (4.11)

For such models, the variousSUGUT (5) multiplets in the low-energy theory acquire a characteristic pat-
tern of S(U(1)5) charges. SpeciÞcally, the10 multiplets carry charge 1 under precisely one of theU(1)
symmetries and such a multiplets is denoted by10a, wherea = 1 , . . . , 5, if it is charged under theath U(1)
symmetry. The ø5 multiplets carry charge 1 under precisely twoU(1) symmetries and are correspondingly
denoted by ø5a,b, where a, b= 1 , . . . , 5 and a %= b.

Our example is for the discrete group! = Z2 = { 1, &1} and has the postulated GUT spectrum

V10 = Span(104, 105) , Vø5 = Span(ø5H
1,2, ø53,4, ø53,5) . (4.12)

(Here, we have identiÞed the low-energy multiplets with theunderlying bundle valued (0, 1)-forms which
are the actual elements of the above cohomologies.) This means that the öJ representations are given by

R10(! ) = diag
%
ei e4á! , ei e5á! &

(4.13)

Rø5(! ) = diag
'

ei (e1 + e2)á! , ei (e3 + e4)á! , ei (e3 + e5)á!
(

, (4.14)

11

•   -representations:öJ

for ! = Q, e and similarly for Rø5 and ! = d, L. Then, contracting the Þrst relation (4.3), which reßects
the öJ -invariance of the upstairs Yukawa couplings, with the appropriate c vectors, using the previous
identities and the deÞnitions (3.24) of the downstairs Yukawa couplings we Þnd

R(L ) (g)l
i
R(L ) (g)m

j
R(e) (g)n

k
Y (e)

lmn = Y (e)
ijk , R(L ) (g)l

i
R(d) (g)m

j
R(Q)(g)n

k
Y (d)

lmn = Y (d)
ijk , (4.9)

These relations are valid for allg ! J (but not necessarily for all g ! öJ ) and they express the implication of
J -invariance on the downstairs Yukawa couplings. As is evident, these relations simply reßectJ -invariance
of the downstairs theory and, while this may lead to constraints on the couplings inY (e) and Y (d) , it does
not lead to uniÞcation-type relations betweenY (e) and Y (d) .

We conclude that the sub-groupJ " öJ which commutes with ! cannot cause Yukawa uniÞcation. In
particular, if J = öJ , that is, if öJ and ! commute, then neither of these symmetries can lead to uniÞcation.
On the other hand, if öJ and ! do not entirely commute so that J is a proper sub-group of öJ the non-
commuting part öJ \ J of the symmetry may have some e" ect on Yukawa uniÞcation. This statement
provides us with useful guidance for model building: We should aim to construct models where öJ and
! do not commute. In the remainder of this section, we will consider model-building scenarios with this
feature and show that they can indeed lead to Yukawa uniÞcation.

4.2 A uniÞcation scenario for ! = Z2

This scenario is within the context of heterotic line bundle models which are deÞned by a line bundle sum

V =
5!

a=1

L a , (4.10)

with c1(V ) = 0. For suitably generic line bundles L a the upstairs gauge symmetry of such models is
SUGUT (5) # öJ , where öJ = S(U(1)5) $= U(1)4. Explicitly, we write öJ as

öJ =

"

g(! ) = ( ei ! 1 , . . . , ei ! 5 ) |
5#

a=1

" a = 0

$

. (4.11)

For such models, the variousSUGUT (5) multiplets in the low-energy theory acquire a characteristic pat-
tern of S(U(1)5) charges. SpeciÞcally, the10 multiplets carry charge 1 under precisely one of theU(1)
symmetries and such a multiplets is denoted by10a, wherea = 1 , . . . , 5, if it is charged under theath U(1)
symmetry. The ø5 multiplets carry charge 1 under precisely twoU(1) symmetries and are correspondingly
denoted by ø5a,b, where a, b= 1 , . . . , 5 and a %= b.

Our example is for the discrete group! = Z2 = { 1, &1} and has the postulated GUT spectrum

V10 = Span(104, 105) , Vø5 = Span(ø5H
1,2, ø53,4, ø53,5) . (4.12)

(Here, we have identiÞed the low-energy multiplets with theunderlying bundle valued (0, 1)-forms which
are the actual elements of the above cohomologies.) This means that the öJ representations are given by

R10(! ) = diag
%
ei e4á! , ei e5á! &

(4.13)

Rø5(! ) = diag
'

ei (e1 + e2)á! , ei (e3 + e4)á! , ei (e3 + e5)á!
(

, (4.14)

11

•    -representations:Z2

where ea are the Þve-dimensional standard unit vector. For theZ2 representations we choose

! 10 (! 1) = " , ! ø5(! 1) = diag( ! 1, " ) , " =

!
0 1
1 0

"

, (4.15)

that is, multiplets charged under the 4th and 5th U(1) symmetry are exchanged underZ2. Finally, we
specify the Wilson by setting #2(! 1) = ! 1 and #3(! 1) = 1 which, from Eq. ( 2.2), implies

#Q(! 1) = ! 1 , #e(! 1) = 1 , #d(! 1) = 1 , #L (! 1) = ! 1 , (4.16)

for the Wilson charges of the relevant standard model multiplets. At this point it is, of course, unclear
if an actual heterotic line bundle model with all these properties can be engineered. We will see in the
next section that this is, in fact, possible. For now we just proceed with the above scenario and discuss
its implications for Yukawa uniÞcation.

The Þrst observation is that the sub-groupJ of öJ which commutes with ! (as deÞned in Eq. (4.7)) is

J = { g(! ) " öJ | $4 = $5} (4.17)

and is, hence, a proper sub-group oföJ . From our discussion in Section4.1 this means that there is at
least a chance for Yukawa uniÞcation. From Eqs. (3.15), the projectors are easily computed as
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Note that the Higgs triplet is projected out (which is indica ted by the zero entry in the upper left corner
of P(d) ) while the doublet is kept (which is indicated by unity in the upper left corner of P(L ) ), as a result
of choosingø5H

1,2 to be Z2-odd. The correspondingc vectors are
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, c(d) = c(e) , c(L ) = c(Q) , (4.19)

where, for simplicity of notation, we have left out the the Higgs direction in Vø5.
The most general öJ invariant upstairs Yukawa couplings of type ø5 ø5 10 are
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1,2 (ø53,4, ø53,5) öY

!
104

105

"

, öY = 2Y =
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y! 0

"

. (4.20)

In fact, ! = Z2 invariance implies, in addition, that y! = ! y but we will not impose this for now. For the
downstairs Yukawa couplings we Þnd

Y (e) = cT
(L )Yc(e) = cT

(Q)Yc(e) =
1
4

(y ! y!) , Y (d) = cT
(d)Yc(Q) = cT
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(y! ! y) , (4.21)

so,Y (d) = ! Y (e) . The sign is, of course, physically irrelevant so that we have a case of Yukawa uniÞcation.
The statement persists if we impose theZ2 constraint y! = ! y but it is, in fact, true irrespective of that.
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if an actual heterotic line bundle model with all these properties can be engineered. We will see in the
next section that this is, in fact, possible. For now we just proceed with the above scenario and discuss
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1
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(12 ! " ) , P(e) =
1
2

(12 + " ) , P(d) = diag(0 , P(e) ) , P(L) = diag(1 , P(Q) ) . (4.18)

Note that the Higgs triplet is projected out (which is indica ted by the zero entry in the upper left corner
of P(d) ) while the doublet is kept (which is indicated by unity in the upper left corner of P(L) ), as a result
of choosingø5H

1,2 to be Z2-odd. The correspondingc vectors are

c(Q) =
1

#
2

!
1

! 1

"

, c(e) =
1

#
2

!
1
1

"

, c(d) = c(e) , c(L) = c(Q) , (4.19)

where, for simplicity of notation, we have left out the the Higgs direction in Vø5.
The most general öJ invariant upstairs Yukawa couplings of type ø5 ø5 10 are

öW = ø5H
1,2 (ø53,4, ø53,5) öY

!
104

105

"

, öY = 2Y =

!
0 y
y! 0

"

. (4.20)

In fact, ! = Z2 invariance implies, in addition, that y! = ! y but we will not impose this for now. For the
downstairs Yukawa couplings we Þnd

Y (e) = cT(L)Yc(e) = cT(Q)Yc(e) =
1
4

(y ! y!) , Y (d) = cT(d)Yc(Q) = cT(e)Yc(Q) =
1
4

(y! ! y) , (4.21)

so,Y (d) = ! Y (e) . The sign is, of course, physically irrelevant so that we have a case of Yukawa uniÞcation.
The statement persists if we impose theZ2 constraint y! = ! y but it is, in fact, true irrespective of that.
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Downstairs this leads to Yukawa unification,              ,

for one family. 

Y (e) = Y (d)

• Upstairs Yukawa coupling:
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An example for Yukawa unification



• Manifold: 

5.1 The model

The Calabi-Yau manifold underlying the model is a complete intersection Calabi-Yau (CICY) [ ?] deÞned
in the eight-dimensional ambient spaceA = P1 ! P1 ! P1 ! P1 ! P2 ! P2. Its conÞguration matrix reads

öX "

!

"
"
"
"
"
"
"
#

P1 1 0 1 0 0
P1 1 0 1 0 0
P1 0 1 0 0 1
P1 0 1 0 0 1
P2 1 0 0 1 1
P2 0 1 1 1 0

$

%
%
%
%
%
%
%
&

6,26

! 40

. (5.1)

Here, the column vectors, which we also denote byqr , where r = 1 , . . . , 5, represent the multi-degree of
Þve polynomials whose common zero locus inA deÞnes the Calabi-Yau manifold öX . The superscript in
Eq. (5.1) gives the Hodge numbersh1,1( öX ), h2,1( öX ) and the subscript corresponds to the Euler number of
öX . It will be useful to introduce the line bundles Nr = OA (qr ) whose sections are the deÞning polynomials,

as well as their sum

N =
5'

r =1

Nr (5.2)

which is the normal bundle of öX in A . We also denote the homogeneous coordinates of the fourP1

factors by xi, ! , where i = 1 , 2, 3, 4 and ! = 0 , 1 and the homogenous coordinates of the twoP2 factors by
y = ( y0, y1, y2)T and z = ( z0, z1, z2)T .

For suitably restricted deÞning polynomials, this manifold has a freely-actingZ2 symmetry [?] which
acts on the homogeneous coordinates as

xi, ! # ($ 1)! +1 xi, ! , y % z , (5.3)

and on the deÞning equations or, equivalently, the line bundles Nr as

N1 % N3 , N2 % N5 , N4 # N4 . (5.4)

The line bundle model is deÞned by a sum of Þve line bundlesL a # A and their restrictions L a = L a| öX
to öX which are explicitly given by

L 1 = O öX ($ 1, 0, $ 1, 1, 0, 0) , L 2 = O öX (2, 1, 2, 0, $ 1, $ 1) , L 3 = O öX (1, 1, $ 1, $ 1, 0, 0) ,
L 4 = O öX ($ 1, $ 1, 0, 0, 0, 1) , L 5 = O öX ($ 1, $ 1, 0, 0, 1, 0) .

(5.5)

Using the methods developed in Refs. [?] the line bundle cohomology ofL a and their tensor product can
be calculated as

h¥( öX, L 2) = (0 , 6, 0, 0) , h¥( öX, L 4) = (0 , 1, 0, 0) , h¥( öX, L 5) = (0 , 1, 0, 0) ,
h¥( öX, L 1 & L 2) = (0 , 2, 0, 0) , h¥( öX, L 1 & L 3) = (0 , 2, 0, 0) , h¥( öX, L 1 & L 4) = (0 , 0, 2, 0) ,
h¥( öX, L 1 & L 5) = (0 , 0, 2, 0) , h¥( öX, L 3 & L 4) = (0 , 1, 0, 0) , h¥( öX, L 3 & L 5) = (0 , 1, 0, 0) ,
h¥( öX, L 4 & L 5) = (0 , 7, 1, 0) ,

(5.6)
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•  spectrum:

with all other cohomologies ofL a and L a ! L b vanishing. These results can be translated into the GUT
spectrum

104 , 105 , 2 ø5H
1,2 , ø53,4 , ø53,5

6102 , 2 ø51,3 , 251,4 , 251,5 , 7 ø54,5 , 54,5 .
(5.7)

Comparison with Eq. (4.12) shows that, apart from the presence of two rather than one Higgs multiplet,
the top line realises the spectrum required for theZ2 uniÞcation scenario for one family while the remainder
of the spectrum in the bottom line accounts for three more families and some exotics. Clearly, this model
is not realistic but does contain a sub-sector of the required type on which we focus. Of course we still have
to check that the multipets in this sub-sector have the correct Z2 transformation properties. To this end,
we determine the cohomologies for the multiplets in the Þrstline of the spectrum (5.7) more explicitly.
By chasing through the relevant Koszul sequences we learn that these cohomologies can be expressed in
terms of ambient space cohomologies as follows.

H 1( öX, L a) "= H 2(A , N ! ! L a) = H 2(A , N !
b ! L a) = H 2(A , OA (# 2, # 2, 0, 0, 0, 0))

"= Span
!

1
x1,0x1,1x2,0x2,1

"
for (a, b) = (4 , 3), (5, 1) (5.8)

H 1( öX, L 3 ! L a) "= H 2(A , N ! ! L 3 ! L a) = H 2(A , N !
b ! L 3 ! L a) = H 2(A , OA (0, 0, # 2, # 2, 0, 0))

"= Span
!

1
x3,0x3,1x4,0x4,1

"
for (a, b) = (4 , 2), (5, 5) (5.9)

H 1( öX, L 1 ! L 2) "= H 4($3N ! ! L 1 ! L 2)

= H 4(A , N !
1 ! N !

2 ! N !
4 ! L 1 ! L 2) %H 4(A , N !

3 ! N !
4 ! N !

5 ! L 1 ! L 2)

= H 4(A , OA (0, 0, 0, 0, # 3, # 3))" 2

"= Span
!

1
y0y1y2z0z1z2

" " 2

. (5.10)

These results, together with the transformations (5.3) and (5.4), can be used to determine theZ2 represen-
tations of the various multiplets. For example, the explicit representation for H 1( öX, L 4) and H 1( öX, L 5)
in terms of coordinates show that these cohomologies are invariant under the coordinate part (5.3) of the
Z2 action. However, the action (5.4) on the normal bundle exchangesN1 and N3 which means, again from
Eq. (5.8) that the multiplets 104 and 105 are exchanged. The transformation of the other multiplets can
be reasoned out in a similar fashion. The end result is that the cohomologies

V10 = Span (104, 105) , Vø5 = Span
#

ø5H, 1
1,2 , ø5H, 2

1,2 , ø53,4ø53,5

$
(5.11)

carry the Z2 representations

! 10 (# 1) = " =

%
0 1
1 0

&

, ! ø5(# 1) = diag( " , " ) . (5.12)

This di ! ers from the required transformation (4.15) only in that two Higgs multiplets are present. We can
get to a complete match by focusing on theZ2 odd combination ø5H

1,2 = ø5H, 1
1,2 # ø5H, 2

1,2 . Then, using the same
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S(U(1)5)This contains the right multiplets and representations of            
and     for unification scenario: Z2

Wilson line choice as in Eq. (4.16) will project out the Higgs triplet from this odd combinatio n and keep
the Higgs doublet. (For the even combination it is, of course, the other way around and the Higgs triplet
will be kept.) Focusing on this sub-sector we have indeed thesame Yukawa couplings of typeø5 ø5 10 as in
Eq. (4.20), namely

öW = ø5H
1,2 (ø53,4, ø53,5) öY

!
104

105

"

, öY = 2Y =

!
0 y
y! 0

"

. (5.13)

This leads to Yukawa uniÞcation for one family of d-quarks and leptons from the arguments presented in
Section 4.2.

5.2 Explicit computation of the Yukawa coupling

While our previous example realises the correct multiplet structure required for the Yukawa uniÞcation
scenario it is of course important for any meaningful statement about Yukawa uniÞcation that the requisite
Yukawa couplings in (5.13) are indeed non-zero. There are no symmetry reasons to forbid these couplings
but, as has been observed in Ref. [39, 40], there may be other, topological reasons for the absence of
perturbative Yukawa couplings in string theory. Following the methods developed in Ref. [39, 40], we will
now explicitly calculate the Yukawa couplings in Eq. (5.13) and show that they are non-zero.

The upstairs Yukawa couplings are given by the following general expression

ö! IJK =
#

öX
! ! " (H I ) ! " (ø5J ) ! " (10K ) . (5.14)

We want to compute the Yukawa couplings for the particles in the Þrst line in (5.7), so that I, J, K = 1 , 2.
We denote ø51 = ø53,4, ø52 = ø53,5, 101 = 105, 102 = 104 and H 1, H 2 represent the two Higgs Þeldsø5H

1,2

in (5.7). According to the computational procedure developed in [39, 40] we can lift the integral to the
ambient space. We will refer to [39, 40] for detail and write the answer

ö! IJK =
1

(2#i )5

#

A
µ ! ö" (H I ) ! ö" (ø5J ) ! ö" (10K ) ! ø$

$ 1
p1

%
! á á á! ø$

$ 1
p5

%
. (5.15)

Here ö" for each particle is the lift of the corresponding form" from öX to A , that is " = ö" | öX , p1, . . . , p5

are the deÞning polynomials described in (5.1) and below and µ is the holomorphic volume form on the
ambient space. One the projective spacePn with homogeneous coordinatesxi it is given by

µ =
1
n!

xa0 dxa1 ! á á á! dxan %a0a1...an (5.16)

and on the product of projective spacesµ is given by the wedge product of the individual form (5.16).
Since an integral overPn can be viewed as an integral overCn (provided all the forms are well-deÞned as
forms on Pn) we can introduce a" ne coordinatesw on Pn in which µ is simply

µ = dnw . (5.17)
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will be kept.) Focusing on this sub-sector we have indeed thesame Yukawa couplings of typeø5 ø5 10 as in
Eq. (4.20), namely
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This leads to Yukawa uniÞcation for one family of d-quarks and leptons from the arguments presented in
Section 4.2.

5.2 Explicit computation of the Yukawa coupling

While our previous example realises the correct multiplet structure required for the Yukawa uniÞcation
scenario it is of course important for any meaningful statement about Yukawa uniÞcation that the requisite
Yukawa couplings in (5.13) are indeed non-zero. There are no symmetry reasons to forbid these couplings
but, as has been observed in Ref. [39, 40], there may be other, topological reasons for the absence of
perturbative Yukawa couplings in string theory. Following the methods developed in Ref. [39, 40], we will
now explicitly calculate the Yukawa couplings in Eq. (5.13) and show that they are non-zero.

The upstairs Yukawa couplings are given by the following general expression
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We want to compute the Yukawa couplings for the particles in the Þrst line in (5.7), so that I, J, K = 1 , 2.
We denote ø51 = ø53,4, ø52 = ø53,5, 101 = 105, 102 = 104 and H 1, H 2 represent the two Higgs Þeldsø5H

1,2

in (5.7). According to the computational procedure developed in [39, 40] we can lift the integral to the
ambient space. We will refer to [39, 40] for detail and write the answer
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Here ö" for each particle is the lift of the corresponding form" from öX to A , that is " = ö" | öX , p1, . . . , p5

are the deÞning polynomials described in (5.1) and below and µ is the holomorphic volume form on the
ambient space. One the projective spacePn with homogeneous coordinatesxi it is given by

µ =
1
n!

xa0 dxa1 ! á á á! dxan %a0a1...an (5.16)

and on the product of projective spacesµ is given by the wedge product of the individual form (5.16).
Since an integral overPn can be viewed as an integral overCn (provided all the forms are well-deÞned as
forms on Pn) we can introduce a" ne coordinatesw on Pn in which µ is simply

µ = dnw . (5.17)
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We have checked by explicit computation, using the above 

methods, that           . y, y! != 0



Conclusion



• We can compute the holomorphic (perturbative) Yukawa  
 couplings for heterotic line bundle models on CICYs, both 
 algebraically and in terms of differential geometry. 

• Complex structure dependence can be worked out explicitly.

• Many Yukawa couplings are zero perturbatively due to a 
 topological vanishing theorem.

• Underlying GUT symmetry of models never leads to Yukawa 
 unification.

• Partial Yukawa unification can be induced by an interplay  
 of discrete and U(1) symmetries.



• Generalisation to CYs defined in more general toric ambient  
 spaces and to bundles with non-Abelian structure group


   possible.

•  Most pressing outstanding problem is the calculation of the  
 matter field Kahler metric -> physical Yukawa couplings.
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